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1 Introduction 



Let K he a compact, connected and semisimple Lie group. This paper describes the moduU 
space of isomorphism classes of flat connections on principal i('-bundles over the two-torus 
and the three-torus. There are two motivations for this study. The first is the relation be- 
tween flat -fC-bundles over the two-torus and holomorphic principal bundles over an elliptic 
curve with structure group the complexification of K. The second is to give a proof of a 
conjecture of Witten concerning the moduli space of flat X-bundles over the three-torus, 
used in ||l^ . 

Of course, a flat bundle is completely determined by its holonomy representation, so 
that the problem of classifying flat bundles over two- and three-tori becomes the question 
of classifying ordered pairs and triples of commuting elements in K, up to simultaneous 
conjugation. If two elements commute in K, then any lifts of them to the universal cover 
of K commute up to an element of the center. Thus we shall work in the simply connected 
cover G of K and study pairs and triples of elements in G which commute up to the center, 
hence the name "almost commuting." This is the form in which we attack the question. 
Our point of view is that the extended Dynkin diagram of G, the action of tti{K) on 
this diagram, and the coroot integers associated to this diagram completely determine the 
answer in a manner which we shall describe below. 

Notation used throughout this paper 

• G is a compact, connected and simply connected Lie group, and in particular G is semi- 
simple. 

• CG denotes the center of G. 

• For any subset X C G, Zg{X) denotes the centralizer of X in G. We will denote Zg{X) 
by Z(X) when G is clear from the context. 

• If is a torus in G, not necessarily maximal, we let W{S,G) be the finite group 
Ng{S) / Zg{S) and we call it the Weyl group of S in G. If s = Lie(S'), then we set 
W{5,G) = W{S,G). 

• Given x,y £ G, we define the commutator [x,y] = xyx^^y^^ and denote conjugation by 

X as ix{y) = ^y = xyx~^. 

One convention concerning subtori used throughout the paper is the following. Let t 
be a vector space with a positive definite inner product (•,•), let A C t be a lattice, such 
that {vjw) G Z for all v,w £ A, and let T = t/A be the associated torus. For any subtorus 
5" C T let s C t be its tangent space. Let be the perpendicular subspace to 5. Then 
5^ is the tangent space of another subtorus S" C T and Fs = S H S' is a finite group. We 
denote by S the quotient torus S/Fs = T/S'. Clearly S = 5/(5nA) and S = 5/7r(A), where 
tt: t — > 5 is orthogonal projection. 

1.1 Preliminaries 

Let <I> be a root system on a vector space t. Fix a set of simple roots A for Denote by 
Q = Q{^) the root lattice and by P the lattice of weights with basis {wa}aeA- Further, we 
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denote the inverse root system by <I>^; it is a subset of t. We have = Q($^) the coroot 
lattice dual to P and the coweight lattice dual to Q($). We denote the Weyl group 
by Ty(^>) or simply by Vl^ if $ is clear from the context. We fix an inner product ( •, • ) 
on t invariant under the Weyl group and use it to identify t with t* . We choose this inner 
product so that in each irreducible factor the shortest length of a coroot is \/2. Coroots 
of this length are called short coroots whereas coroots of longer lengths are called long 
coroots. Roots inverse to short coroots are thus long roots and roots inverse to long coroots 
are short roots. 

Assume now that t = Lie(T), where T is a maximal torus of G, and let $ = ^(T,G) 
be the corresponding root system. In this case, the exponential map identifies t/Q^ with 
T and t/P^ with the maximal torus in the adjoint form of G, and P"^ /Q"^ with CG. More 
generally, for an abstract root system we define to be the finite group P^($)/(5^($). 

Associated to a, 6 G <1> is the Cartan integer defined by 



The Cartan integers for pairs of elements in A determine and are determined by the Dynkin 
diagram D[G) whoses nodes are indexed by the a G A and whose bonds together with their 
multiplicities and arrows Q. The set A^ C consists of the coroots inverse to each 
root a G A. The Cartan integers n(a^,b'^) for a^,6^ G A^ are described by a Dynkin 
diagram P'^(G), the coroot diagram for G. Its nodes are identified in the obvious way with 
the nodes of D{G). Its bonds, including the multiplicities, are exactly the same as the 
bonds in D{G), but the direction of every arrow is reversed. 

Suppose that $ is irreducible. Let d be the highest root of $ with respect to A. Set 
o = —d and let A = A U {a} be the extended set of simple roots. Let Co C t be the positive 
Weyl chamber associated to A and let A C Co be the unique alcove in Co containing 
the origin. The walls of A are given by {a = 0}aeA and {a = —1}. Hence there is a 
natural bijection between A and the walls of A. The set A is the set of nodes for the 
extended Dynkin diagram D{G). The Cartan integers n(a,b) for a,b G A are recorded in 
the multiplicities of the bonds and the directions of the arrows of D{G), by exactly the 
same rules as given in the case of D{G). In the case of Ai, we shall always make the 
convention that the two nodes are connected by two single bonds, so that the diagram is 
a cycle. Dually, there is the extended coroot diagram D'^{G) whose nodes are the coroots 
A^ inverse to the roots in A. As in the case of D{G), the diagram D"^ [G] is obtained from 
D(G) by reversing the directions of all the arrows on the multiple bonds. In case ^ = ]J ■ <I>j 
is reducible and the are the irreducible factors, we define the set of extended roots A 
as ]Jj Aj, and define the extended root and coroot diagrams as the disjoint union of the 
corresponding diagrams of the factors. 

Assuming again that <I> is irreducible, there is a single linear relation among the roots 
of A, namely 




(2) 
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for positive integers ha, with ha = 1- The ha will be called the root integers. The sum 
SaeA ha = h IS the Coxeter number of the group. Dually, there is a single linear relation 
between the coroots inverse to the roots in A. It takes the form 

^9aa'' = (3) 

aGA 

where the ga are all positive integers and the coefficient of the coroot is one. (N.B. The 
coroot inverse to the highest root is the highest short coroot, and is equal to the highest 
coroot if and only if $ is simply laced.) The integers ga are called the coroot integers 
and the sum g = X^^^^ ga is called the dual Coxeter number. Since a is a long root, it 

follows that ga\ha for every aGA, with equality exactly for the long roots in A. It will 
be convenient to view the coroot integers as defining a function g: A ^ N by the formula 
g(a) = ga- 

There is an action of CG as a group of affine isometrics of t normalizing the alcove A, 



which will be described in more detail in Section 3.1. For each c G CG, the differential Wc 
of its action on j4 is a linear map which is an element of W normalizing Act*. Since the 
action of W preserves the Cartan integers, it follows that the resulting action of Wc on the 
nodes of D{G) is a diagram automorphism. The action preserves the root integers ha, in 
the sense that h^^ a = ha- Of course, Wc also induces a diagram automorphism of D^{G) 
preserving the coroot integers ga- This defines a faithful representation of CG as a group 
of diagram automorphisms of D{G) and of D^{G). 

Let C be a subgroup of CG. By restriction, C acts on t, and the linear part wc of this 
action normalizes the subsets A and A"^ and defines an action of C by diagram automor- 
phisms on D(G) and D'^ [G). This action preserves the coroot integers ga- For each orbit 
a G A/C we define ga to be n-aga where ria is the cardinality of the orbit a and ga is the 
coroot integer associated to any a in this orbit. Let Ac, resp. A^, be the quotient of A, 
resp. A^, under the action of C. Let S"^^ be the subtorus of T whose Lie algebra is t"''^, 
the subspace of t pointwise fixed under the action of wc- Let 7r:t ^ be orthogonal 
projection. 



1.2 The case of commuting pairs in a simply connected group 

In 1^, the first author proved that, if x and y are commuting elements in a compact, 
simply connected group G, then there is a maximal torus T <^ G containing both x and y. 
Furthermore, two pairs of elements in T are conjugate in G if and only if they are conjugate 
by an element of W. Thus, the moduli space of conjugacy classes of commuting pairs of 
elements in G is identified with (T x T)/W. The torus T is the quotient of t by the lattice 
generated by A^ and W is the group of isometrics of t generated by reflections in the 
hyperplanes through the origin defined by the elements of A"^. The group W acts on t 
preserving the lattice and hence there is an induced VF-action on T. This is the model 
result that we carry over into all the other cases we study. 
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1.3 c-pairs 



Next, let us consider a compact, connected, simple, but not necessarily simply connected 
group K with G as simply connected covering. The first invariant of a X-bundle ^ over 
r2 is the characteristic class w{C) S H'^(T'^;7ri{K)) = 7ri{K). We identify Tri{K) with 
a subgroup of the center CG of G, so that w{^) G CG. If ^ has a flat connection and if 
x,y £ K are the holonomy images of the standard generators of the fundamental group of 
the two-torus, then for any lifts x £ G, resp. y G G, of x, resp. y, we have [x,y] = w{(,). 
Our classification results in this case are simplified by three assumptions: 

1. We fix the topological type of the bundle ^, or equivalently the class w{^) = c S CG. 

2. We assume that ^ does not lift to a bundle over any non-trivial covering group of K. 

3. We classify flat connections on ^ up to restricted gauge equivalence, i.e., up to G- 
gauge equivalence. In this case, it turns out that restricted gauge equivalence is the 
same as ii'-equi valence. 

Translating these conditions gives the following equivalent group theoretic problem. 
Let G he simple, and let c £ CG. A pair of elements (x, y) in G is said to be a c-pair if 
[x, y] = c. We classify c-pairs up to simultaneous conjugation by elements of G. 
Note that t"'^^) = i^-. Thus we define S"'- = S'"(->. 



Theorem 1.3.1 Let G be simple, and let c G CG. Then the moduli space of conjugacy 
classes of c-pairs of elements in G is homeomorphic to {S " x S '')/W{S'^'',G). 



In a very closely related form, this theorem was first proved by Schweigert [16|. In 
Theorem 1.6.2 below, we shall describe S " and W{S'^'', G) in terms of the extended coroot 



diagram of G and the action of c on this diagram. 



1.4 Commuting triples 

Next, we let G be simple and we turn to fiat G-bundles over the 3-torus. The holonomy 
of such a connection around the standard basis of the fundamental group of the torus is a 
commuting triple {x, y, z) in G well-defined up to simultaneous conjugation. Let Tq denote 
the moduli space of conjugacy classes of commuting triples in G. In general, Tq has several 
components even though there is only one topological type for a G-bundle over T^. 

Theorem 1.4.1 Let G be simple. For any k >1 dividing at least one of the coroot integers 
Qa we set L{k) = {a G A : A; j(ga}, and we let S{k) '^T be the subtorus with 

Ue{S{k)) = t{k) = Pi Kera. 

a&T{k) 

Note that dimS{k) is one less than the number of a such that k\ga. Then: 
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1. For each commuting triple {x,y,z) in G, there is a unique integer k > 1 dividing at 
least one of the coroot integers ga such that S{k) is conjugate to a maximal torus for 
Z{x, y, z). The integer k is called the order of {x, y, z). 

2. The order is a conjugacy class invariant and defines a locally constant function on 
Tq . We define the order of a component X of Tq to he the value of this function on 
X. 

3. Ifk>\ divides at least one of the ga, there are exactly (p{k) components ofTc of order 
k, where ip is the Euler -function. Given a component X ofTc, letdx = |dimX+l. 
Then 

^dx =g. 

X 

4- Each component of Tq of order k is homeomorphic to 

(S{k) X S{k) xS{k)) /W{S{k),G). 



5. Let TTfc be orthogonal projection from t to t{k). For a € A, ni^la'^) is non-zero if and 
only if a ^ Thus Hk determines an embedding of ^ — I^ {k) into i{h). The torus 

S{k) is the quotient of t{k) by the lattice T^kiQ"^ (k)), which is spanned by the image 
of — I^{k). The group W{S{k)^G) is the group of isometrics of t{k) generated by 
reflections in the hyperplanes 'Kk{a^)-^ for a G A — I{k). 



Results along these lines have been obtained independently by Kac-Smilga 

In Section 1.7 we give a result which shows that the image under Hk of — I{kY in 



t(/c) is the extended set of simple coroots of a root system ^{i{k)) of t(A;) and derives its 
extended coroot diagram from the extended coroot diagram D'^ (G) and the coroot integers 

9a- 



1.5 C-triples 

Let K he a connected, simple group with simply connected covering G. Now we consider 
principal i^-bundles with flat connection over the three-torus. Given a basis for the fun- 
damental group of the 3-torus, a flat connection is determined by the holonomy image 
xi,X2,X3 G K for the given basis of the fundamental group of the torus. These elements 
are defined up to simultaneous conjugation in K. Lifting these to elements xi,X2,X3 in G, 
we have elements Cij = [xi,Xj] in Tri{K) C CG. These elements determine the topological 
type of the if-bundle. We record these elements by constructing 3x3 matrix C = (cij) 
with values in CG. The entries of C satisfy: cu = l,Cij = cjj^ for i ^ j. Such a matrix 
will be called antisymmetric. Let (C) be the subgroup of CG generated by the entries of G. 
A triple of elements (xi,X2,X3) in G such that Cij = [xi,Xj] is a G-triple. If ci2 = c and 
ci3 = C23 = 1, we refer to {xi,X2,xs) as a c-triple. As long as (G) is cyclic and generated 
by c, the moduli space of C-triples can be identified with the moduli space of c-triples. As 
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in the case of the two-torus, we assume that the bundle does not hft to a proper covering 
group of K. This is equivalent to saying that the group (C) generated by the entries of C 
is all of 'Ki{K). Also as before, we classify these bundles up to restricted gauge equivalence, 
i.e., up to conjugation by elements of G. In this case, this classification differs slightly from 
the classification up to conjugation by K. The classification of commuting triples in K 
follows easily from the results of this paper, but we shall not give the details here. 

Given C, we denote by wc the subgroup W(^c) of W. Following this convention, t'"'^, 
S^c ^ Ac, and are defined similarly. 

Theorem 1.5.1 Let G he simple and let C he an antisymmetric 3 x 3-matrix with values in 
CG. Let Tg{C) he the moduli space of conjugacy classes of C -triples in G. Let g: Ac — > N 
he the function defined by g(a) = ga- For any k > 1 dividing at least one of the ga, let 
Ic{k) he the set ofa£ Ac such that k )(ga and let S^'^{g, k) C S^'^ he the subtorus whose 
Lie algebra is 

r^(g,A;)= Pi KeraCt"'c'. 

Let vr^ be orthogonal projection from t to t'"'^(g. A;). Then: 

1. For every G -triple {x,y,z), there is an integer k > 1 dividing at least one of the g-a, 
called the order of {x,y,z), such that S^^{g,k) is conjugate to a maximal torus for 
Z{x,y,z). The dimension of S'^'^{g,k) is one less than the number of a such that 
k\9a- 

2. The order is a conjugacy class invariant and defines a locally constant function on 
Tq{G). We define the order of a component X of Tq(G) to be the value of this 
function on X. 

3. For any k > 1 dividing at least one of the ga, there are exactly (p{k) components of 
Tq{C) of order k. Given a component X ofTciG), let dx = |dimX + 1. Then 

^dx = 9- 

X 

4- In the case where (C) is cyclic, i.e. the case of c-triples, each component ofTc^G) of 
order k is homeomorphic to either 

(5x5x5) /W{S, G) or (5 x 5 x 5) /W{S, G), 

where S = S^" (g, k) . We will describe the possibilities precisely in Section |^. In case 
{G) is not cyclic, each component of the moduli space is homeomorphic to 

((5 X 5 X S)/F)/W{S, G)) , 

where 5 = S'^'^ (g, k) and F is a finite subgroup of S x S x S which will be described 
explicitly in Section 12. 
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5. For a G A, 7r^(a^) 7^ depends only on a ^ Ac and is nonzero if and only if 
a ^ Ic{k)- Thus tt^' determines an embedding of — lQ{k) into i^^{^,k). The 
torus S^'^{g,k) is the quotient ofV"'^{g,k) by the lattice Qci^) spanned by image 
of — I^{k). The group W {S'^'^ {g, k) , G) is the group of isometries o/t'"'^(g, fc) 
generated by reflections in the hyperplanes 7r^(a^)-'" for a G Ac — Ic{k)- 



In Section 1.7 we state a result which shows that the image of A^ — I^{k) in t^'^ig, k) 
is the extended set of simple coroots of a root system, and which describes its extended 
coroot diagram in terms of the extended coroot diagram D'^{G), the action of (C) on this 
diagram, and the coroot integers ga- 



1.6 Quotients of diagram automorphisms 

Let D be an extended coroot diagram. A diagram automorphism a: D ^ D automatically 
preserves the coroot integers. Suppose that C is a group of diagram automorphisms of D. 

Definition 1.6.1 We form the quotient diagram D/C as follows. The nodes of D/C are 
the C-orbits of nodes of D. The orbit of the node v is denoted v. 

There is one case that we handle directly. If D is An and C acts transitively on the set 
of nodes of D, then the quotient has one element. 

Ruling out this degenerate case, there are two types of C-orbits on an extended diagram 
D: an orbit consisting of nodes, no two of which are connected by a bond, and an orbit 
consisting of subdiagrams of type A2, no two of which are connected by a bond. The first 
type of orbit is called ordinary and the second exceptional. Let e(v) = 1 if is an ordinary 
orbit and let e{v) = 2 if !» is exceptional. We describe the bonds of D/C, their multiplicities 
and their arrows by giving the Cartan integers n{u,v). If u and v are distinct orbits such 
that n(uj, Vj) = for all Ui £u and Vj G then n{u,v) = and there is no bond connecting 
u and V in the quotient diagram. If there are nodes u €u and v £v which are connected 
by a bond, then either Stab(u) C Stab(u) or Stab(T;) C Stab(n). In the first case we define 

n{u,v) = e(v)n{u,v), 

and in the second case we define 

n(u,v) = e(v)—n(u,v), 

where as before Uu is the cardinality of the orbit u. It is easy to see that these numbers 
are well-defined integers and satisfy: n{u,v) = implies n{v,u) = 0; otherwise n{u,v) < 
for u V. Thus, these numbers determine the bonds of the quotient diagram D/C, their 
multiplicities and the directions of their arrows. 

We have the set {gv} of coroot integers on the original diagram. We define integers g^ 
on the nodes of D/C as follows. In all cases, including the degenerate ones, the induced 
coroot integers g^ on the quotient diagram are defined by g^j = g^ where v ranges over 
the nodes in the orbit v. Since diagram automorphisms preserve the integers gy, we have 
9v = njjgy for any v £v. 
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Here is the theorem which describes the fixed tori and their Weyl groups in terms of 
diagram automorphisms. 

Theorem 1.6.2 Let G be simple and letC he a subgroup ofCG. Let vr: t ^ t^'^ be orthogonal 
projection. Then: 

1. Restriction of tt to factors to induce an embedding of in t™^ . This embedding 
identifies the set of nodes of D'^ jC with an extended set of simple coroots for a 
root system ^{wc)- 

2. D"^ /C is the extended coroot diagram of^{wc)- 

3. The coroot lattice of ^{wc) is equal to tt(Q'^) , which by definition is the fundamental 
group of the torus S ^ , and the group W{S'^'^ ,G) is the Weyl group of^{wc)- 



This result together with Theorem 1.3.1 yields an exphcit description of the moduh 



space of c-pairs in terms of the extended coroot diagram of G and the action of Wc on this 
diagram. 

1.7 Description of S{k) and 'S^^{g,k) 

Let D be a connected extended coroot diagram, whose set of nodes is A^, and let n: A — > N 
be a function of the form riQg for some positive integer uq. Given an integer k > 1 dividing 
at least one of the n(a), let I{n,k) = {a £ A : k /fn(a)}. We let D'{n,k) be the largest 
subdiagram of D having /^(n, k) as its set of nodes. Fix a length function i: A ^ R"*" such 
that if V, v' £ A^ are connected by a bond of D and i{v) > £{v') then the multiplicity of the 
bond between v and v' is i{vY / i{v')'^ and the arrow (if the multiplicity is not one) points 
toward v' . 

Proposition 1.7.1 Let v G A"^ — /"^(n, k). Then exactly one of the following holds. 

(Type do) v is the only element of A^ — I'^{n, k). 

(Type 1) The node v is not connected by a bond of D to a node of D'{n, k), but is not of Type 
oo. 

(Type 2)(i) The node v is connected by bonds of D to exactly two components of D'(n,k), each 
of which is of type A\, with nodes v\ and V2, say, and i{v) < min(^(fi), ^(^2)). 

(Type 2)(ii) The node v is connected by bonds of D to exactly one node vi of D'(n, k), and i{v) < 

(Type 3) The node v is connected by bonds of D to exactly two components of D'(n,k), each 
of which is of type A2. 

(Type 4) The node v is connected by bonds of D to exactly two components, and exactly one of 
the following holds: 
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(i) Both of these components are of type Ai, with nodes vi and V2, say, and £{v) > 
mm{i{vi),e{v2)); 

(ii) Each component is of type A3 ; 

(iii) One component is of type A3 and the other is of type A\ . 

Definition 1.7.2 Define a new length function li^: — /"^(n, k') by setting l^iy) = 

i(v)l\fr if V is of Type r according to the above proposition. We will see later that, if 
4(v) > 4(ty), then in fact lk{vflh{vSf G Z. 

Let D{n,k) be the unique diagram with nodes A"^ — l'^(n,k) satisfying the following 
three conditions: 

1. Nodes V, v' E A^ — I'^{n, k) are connected by a bond in I?(n, k) if and only if either 
V and v' are connected by a bond in D or u and v' are connected by bonds of D to 
the same component of -D'(n, k). 

2. Suppose that v and v' are distinct nodes of A^ — /"^(n, k) which are connected by a 
bond in D{n,k) and suppose that neither of these nodes is connected by a bond of 
D{n, k) to any other node of A"^ — /^(n, k). If ik{v) = (-kW), then the subdiagram 
of -D(n, k) spanned by v and v' is of type A2. 

3. Suppose that v and v' are distinct nodes of A^ — /^(n, A;) connected by a bond of 
D(n, k) and suppose that v and v' are not as in the previous case. Lastly, supppose 
that lk{v) > ikiv')- Then the multiplicity of the bond in D(n, k) connecting v to v' 
is £k{v)'^ / ^kW)"^ and the arrow (if this multiplicity is greater than one) points toward 
v'. 



Proposition 1.7.3 The diagram D{n,k) defined above is the coroot diagram of a {possibly 
non-reduced) root system. 

In particular, taking the quotient diagram D'^ /{C) as our extended coroot diagram 
and the function g defined in Theorem 1.5.1 as n defines an extended coroot diagram 
(D^/(C))(g, fc). The next theorem shows that this diagram is in fact the extended coroot 
of a root system on t"'<^(g, k). 

Theorem 1.7.4 Let G be simple, let C be an antisymmetric 3x3 matrix with values in 
CG, and let k > 1 be an integer dividing at least one of the Qa- Orthogonal projection from 
t to t"''^(g. A:) factors to induce an embedding of — I^^k) in t"'<^(g. A;). This embedding 
identifies the nodes A^ — I^^k) of {D"^ /{C)){g,k) with an extended set of simple coroots 
of a root system ^{wc,k). The diagram (D'^ /{C)){g,k) is the extended coroot diagram of 
<^{wc,k). 



This theorem, together with Theorem 1.4.1 and Theorem 1.5.1 lead to an explicit de 



scription of the components of the moduli spaces of commutative triples and C-triples in 
terms of the diagrams and D'^{G)/{C) and the integers Qa- 
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1.8 Chern-Simons invariants and Witten's "Clockwise Symmetry Con- 
jecture" 

Assume that G is simple. A connection on a principal G-bundle ^ over a three-manifold M 
has a Chern-Simons invariant, see |^], which measures its difference from a trivial connec- 
tion. This invariant is well-defined modulo Z on isomorphism classes of connections. The 
Chern-Simons function is constant on continuous paths of flat connections, so that we can 
view it as a function from the components of the moduli space of gauge equivalence classes 
of flat connections on ^ to R/Z. In case M is the three-torus, this moduli space is identified 
with the space of conjugacy classes of commuting triples in G, so that the Chern-Simons 
invariant defines a function from the set of components of Tq to R/Z. 

Let us consider now principal X-bundles, where K is compact, connected and simple. 
Let G be the universal covering group of K. The topological type of a iC-bundle ^ over 
is determined by its characteristic class w{^) G H'^{T^;tti{K)). We construct an antisym- 
metric matrix C{(,) = (cjj(^)) where Cjj(^) is the value of on the coordinate two-torus 
Tij in the (ij)*'^-coordinate directions. 

In this case, there is only a relative Chern-Simons invariant which is well-defined modulo 
(l/n)Z for some integer n > 1 depending on K. To get a Chern-Simons invariant well- 
defined modulo Z we need to consider enhanced /C-bundles over a three-manifold M, where 
by an enhanced /C-bundle H we mean an underlying /C-bundle ^ together with a lifting to 
G of the structure group of ^ over the one-skeleton of M. We define C(H) = C(^). Given an 
antisymmetric matrix C with coefficients in tti{K), there is, up to isomorphism, a unique 
enhanced X-bundle H with C(H) = C. Under automorphisms of H, the Chern-Simons 
invariant is well-defined modulo Z. 

Let A be a flat connection on a iT-bundle ^ over T^. The holonomy of A is identified 
with a conjugacy class of commuting triples in K. Given an enhanced structure H on ^, by 
a flat connection on S we simply mean a flat connection A on ^. The connection A then 
lifts over the 1-skelton to a flat G-connection, and this defines a lifting of the holonomy 
of A to a conjugacy class of C(^)-triples in G, called the G-holononiy of A on H. The G- 
holonomy determines a bijection between the set of isomorphism classes of flat connections 
on enhanced i^-bundles H over with C(S) = C and the moduli space Tg{C) of conjugacy 
classes of C-triples in G. 

Theorem 1.8.1 Let G be simple, let C be an antisymmetric matrix with entries inCG, and 
let K = G/{C). Let Xi he the unique component of order 1 of the moduli space of C -triples. 
Let H be an enhanced K-bundle with C(S) = C. Let Ti be a fiat connection on H whose G- 
holonomy is a conjugacy class in Xi . Let A be a flat connection on H. Then CSr^ (A) mod Z 
is independent of the choice ofTi. Let CS{A) be the class of CSri{ A) mod Z. 

L The function CS{A) is a well-defined function on the set of isomorphism classes of 
fiat connections on H, or equivalently on Tg{C), to R/Z. 

2. Viewing CS as a function on Tg{C), it is constant on components. 



13 



3. The function CS induces a bijection from the set of components of Tg{C) of order k 
to the set of points of order k in R/Z. 

There is a refinement of this theorem, leading to a surprising symmetry involving the 
Chern-Simons invariants and the dimensions of the components of Tg{C). It was first 
discovered by Witten from considerations in quantum field theory. 

Theorem 1.8.2 Let G be simple and let C be an antisymmetric matrix with entries in 
CG. Let g be the dual Coxeter number of G. For each component X ofTc^C), let dx be 
^dim(X) + l, and letCS{X) be the value of the Chern-Simons functional on this component. 
Let J{X) C R/Z be a subset of dx equally spaced points centered at CS{X) with spacing 
1/g. Then the J{X) are disjoint subsets o/R/Z. Then 

j = Uj(x)c^z/z, 

and J consists of g points invariant under translation by 1/g. Thus, identifying R/Z with 
the unit circle, the set J is invariant under by a rotation through angle 27: /g. 



1.9 Outline of the paper 

We begin in Section 2 with a discussion of almost commuting n-tuples in a compact group 
K. We define the rank of such an n-tuple to be the dimension of a maximal torus of the 
centralizer of the n-tuple. We show a general finiteness statement: for a compact group 
K, there are only finitely many conjugacy classes of rank zero almost commuting triples in 
K. More generally, given a torus S in K, we give an explicit description of the subspace 
of the moduli space of conjugacy classes of almost commuting n-tuples x such that S is 
conjugate to a maximal torus of the centralizer of x. Each such component is a quotient 
of the product of n copies of 5 by a finite group. The problem now is to determine the 
possible tori and finite groups which arise in the cases we study in more detail. 

Section 3 contains various characterizations of groups of A„-type. These results are 
applied to deduce the following property of the coroot integers ga associated to the simple 
roots a: The subdiagram Dk of the extended Dynkin diagram of G consisting of all nodes 
corresponding to roots a for which ga is not divisible by a fixed positive integer k \s a. 
disjoint union of diagrams of Arn-iype, for integers Ui with the property that (n^ + 
Furthermore, if /j denotes the set of simple roots corresponding to the nodes of one of 
the components of Dk, then X^ag/. (50/^)^^ lies in the center of the corresponding simple 
subgroup of G and generates the center. This result implies that the set of integers which 
occur as ga form an interval [1,N] and that, for the Euler (/^-function, one has ip{N) = 2, 
so that N G {1,2,3,4,6}. These properties, as well as the characterization of groups of 
^n-type, are important in the study of c-pairs and c-triples. 

Section 4 takes up the case of c-pairs and contains a proof of the first item in Theo- 
rem 1.3.1. Following the pattern laid down in Section 2, we first consider rank zero c-pairs 



and then pass to the general case of higher rank. 
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Section 5 considers the case of commuting triples in G, once again taking up the case 
of commuting triples of rank zero first. This section contains a proof of the first four parts 



of Theorem |1.4.1| . While this section will be for the most part subsumed in Section 9, it 
seemed worthwhile to give the reasonably straightforward arguments needed to handle this 
case. 

Sections 6, 7, and 8 are preparatory for the study of C-triples. They examine questions 
which, to us, are interesting in their own right. Section 6 considers a group r of affine 
automorphisms of a vector space which normalizes an alcove of a root system on that vector 
space. Such automorphisms are equivalent to diagram automorphisms of the extended 
Dynkin diagram of the root system. We show that the walls of the original root system 
divide the fixed point set of r into alcoves and that these are the alcoves of a Coxeter 
group acting on the fixed point set. Thus, there is a reduced root system on the underlying 
vector space of the fixed point set whose alcove structure is identified with the given alcove 
structure on the affine subspace fixed by r. We use this to study two closely related root 
systems on the linear subspace fixed by the differential of r. One root system, the restricted 
root system, consists of the non-trivial restrictions of roots of the original system to the fixed 
subspace. The other, the projection system, is the inverse root system to the root system 
obtained by taking the nonzero orthogonal projections of the coroots of the original system. 
These root systems are not in general equal, nor are they always inverse systems, nor is 
either equal in general to the root system on the fixed point set of the affine automorphism. 
It is also not true in general that these roots systems are reduced. Nevertheless, all three of 
them have the same Weyl groups, and hence the same set of roots up to positive multiples. 

Section 7 applies the work of Section 6 to the torus S^" fixed by the Wc-action on T. 
The main result is the completion of the proof of Parts 2 and 3 of Theorem 1.3.1 describing 
the Weyl group of this torus and the fundamental group of S" The results of Section 6 



are also used here to prove Theorem 1.6.2 



Section 8 is concerned with the centralizer Z{x,y) of a c-pair {x,y). We describe the 
root system corresponding to the Lie algebra of Z(x,y), the fundamental group, and the 
component group of Z{x, y). We study Z{x, y) by viewing conjugation by y as an automor- 
phism of the compact group Z{x). It is natural to consider the most general problem along 
these lines: let H be an arbitrary compact connected group and let a be an automorphism 
of H. We study the Lie algebra and the component group of the fixed subgroup H'^ of a. 
Our results on the Lie algebra of H'^ generalize those of Kac in case a has finite order. 
The description of the component group of contains, in particular, a generalization of 
the result of the first author in that H'^ is connected if H is simply connected. 

With the preliminary work about centralizers of c-pairs established, we turn in Section 
9 to c-triples, for c non-trivial. Following the general pattern, we first consider the case of 
c-triples of rank zero. It turns out there there is a finite and short list of simple groups that 
have rank zero c-triples. We then go on to establish Parts 1 through 4 of Theorem 1.5.1 in 
the case when {C) is cyclic. 

In Section 10 we turn to the tori S{h) and S ''(g. A;) and compute their Weyl groups 
and fundamental groups. The result is a proof of Theorem |1.7.4 , of Part 3 of Theorem 1.4.1 
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and of Part 3 of Theorem |1.5.1| in the case when C is cychc. Once again, we find a related 
Coxeter group by arguments which are formally similar to those used to study the fixed 
subspace of an affine automorphism. 

Section 11 considers the Chern-Simons invariant of a flat connection with holonomy a 
given c-triple. This invariant is identified with an invariant of the c-triple defined using the 
Weyl invariant inner product on the Cartan subalgebra of G. We then prove Theorem 1.8 



Lastly, we establish Witten's clockwise symmetry statement. Theorem |1.8.2| , in the case of 
c-triples. 

In Section 12 we consider the case when the group (C) is non-cyclic, establishing both 
Theorems |1.5.1| and 1.8.2 in these cases by explicit computation. 



At the end of the paper, we give a list of the possible coroot diagrams and quotient 
coroot diagrams, and give tables summarizing the tori and root systems we have defined, 
as well as other relevant information. 

A guiding principle of this paper has been to avoid classification and case-by-case check- 
ing wherever possible. We have preferred to give more general, conceptual arguments, even 
at the cost of increasing the length. 

1.10 History 

Questions related to the ones considered here have a long history. One motivation was to 
understand the experimental connection between the torsion primes of G, i.e. the primes 
p for which there is p-torsion in the integral homology of G, and those primes p for which 
G has an elementary abelian p-group of rank three contained in a torus. The first author 
and J-P. Serre proved that if p is not a torsion prime, then every elementary p-group 
in G is contained in a torus. The converse was checked, case-by-case, in |j^ and in the 
earlier references cited in that paper. From the point of view of this paper, the subgroups 
constructed in [Q] are simply the commuting triples of rank zero. It was also checked that 
a torsion prime divides one of the root integers ha, but the converse does not quite hold. 
R. Steinberg pointed out later that the torsion primes listed in [|l| are exactly the prime 
divisors of the coroot integers ga ■ In ||l^ , he shows that the prime p divides one of the ga 
if and only if G contains an elementary abelian p-subgroup not contained in a torus. The 



methods of the present paper are, in part, quite similar to those of |18|. More recently, 
Griess classified the possibilities for elementary abelian p-groups in G, apparently by 
completely different methods from those of this paper. The last two authors of the present 
paper were led to this circle of problems from another direction, the study of holomorphic 
principal G-bundles over an elliptic curve. In this case, if the bundle is flat, then its 
holonomy defines a c-pair up to conjugation. The singularities of the moduli space of such 
bundles are then closely related to the component groups of centralizers of c-pairs, and thus 



ultimately to c-triples. We should also add that Kac-Smilga in |11| as well as Keurentjes 



[12, |l^ have independently established results overlapping significantly with ours in the 
case of commuting triples. Their approach seems very similar to ours. 

It is natural to ask about the moduli space of almost commuting A^-tuples for > 3. 
We believe that the methods developed here can attack this question as well. However, and 
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perhaps not surprisingly, there seem to be very few essentially new cases. 

The impetus for the study we carry out here of commuting triples and c-triples was 
questions, conjectures, and statements of Witten about the nature of the moduli space, 
and especially the number and structure of its components. He was led to these questions 
by studying the quantum field theory of gauge theories over the three torus, in particular 
the i?-symmctrics of these theories. With this heuristic guide, he conjectured the clockwise- 
symmetry statement and checked it in many cases. It is our pleasure to thank Witten for 
pointing out these questions to us, and for many stimulating discussions on these and other 
related matters. 

2 Almost commuting A^-tuples 

An ordered A/'-tuple x = (xi, . . . ,xn) of elements in G is almost commuting if [xj, xj] G CG 
for every 1 < i, j < N . Notice that x is almost commuting if and only if the image ordered 
A^-tuple X = (xi, . . . ,XAr) in the adjoint form of G is a commuting ordered A^-tuple. Given 
an almost commuting A''-tuple x let Cij = [xi,Xj] and let C be the N x N matrix C = (cij) 
of elements in CG. The matrix C is antisymmetric in the sense that ca = 1 and Cij = cj^ 
for all We say that^ is an ordered N -tuple of C-type. 

Clearly, the space AiciC) of all ordered A^-tuples in G of C-type is identified with a 
closed subspace of YiiLi G and thus is a compact Hausdorff space. The compact group G 
acts on Hi^i G by simultaneous conjugation normalizing the subspace M.g{C)- Hence, the 
quotient M.g{C) = M.g{C)/G is a compact Hausdorff space. It is the space of conjugacy 
classes of ordered A^-tuples in G of C-type. When G is clear from context, we shall denote 
this space by M{C). Our goal in this section is to prove a very general qualitative result 
concerning M{C). We shall show that its connected components are homeomorphic to 
quotients of products of subtori of T by finite groups. 

2.1 An invariant for almost commuting A/^-tuples 

We define the rank of an ordered A'^-tuple x, denoted rk(x), to be the rank of Z{yi), the 
centralizer of x in C. Notice that x is of rank zero if and only if Z['x) is a finite group. 
There is a related but finer invariant of x derived from any maximal torus of ^(x) which 
we shall now describe. 

For any subset I C A let t/ = Hae/ ^ and let Si be the subtorus of T with Lie 
algebra t/. We denote by L/ the derived group of Z{Sj): 

Li = DZ{Si). 

Since Z[Si) is the centralizer of a torus, it is connected, and thus L/ is also connected. 

Lemma 2.1.1 1. Li is non-trivial if and only if I ^ A. 

2. If Li is non-trivial, then I forms a set of simple roots for Li. 
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3. Lj is simply connected. 

4- Sj is the component of the identity of the center of its centralizer. 

5. Conversely, if S is a torus in G and is equal to the component of the identity of the 
center of its centralizer, then there is a subset / C A such that S is conjugate to Sj. 

Proof. All of these elementary facts are proved in [Q] . □ 

Lemma 2.1.2 Let x he an ordered N -tuple and let S he a maximal torus of Z{x.). There 
is a unique subset / C A such that S is conjugate to Sj. 

Proof. Let S' be the component of the identity of the center of Z{S). Clearly, since S is 
contained in the center of Z{S), S C S' . Since x C Z{S), we have S' C Z(x). Since 5" is a 
maximal torus of Z{x), this implies that S' = S. Since S is the identity component of its 
centralizer, S is conjugate to Sj for some / C A. Uniqueness of / is clear. □ 

The subset / C A given in the last lemma is an invariant of the ordered A^-tuple x and 
is denoted by /(x). The cardinality of A — /(x) is the rank of x. 

Lemma 2.1.3 The torus S is a maximal torus of G if and only if the components Xi are 
contained in S, and in this case C = Id. 

Proof. If the Xi are all contained in the torus S, then they are mutually commuting. 
Moreover, if T is a maximal torus containing S, then T C Z(x). Thus, since S" is a maximal 
torus of Z(x), S = T. Conversely, suppose that 5 is a maximal torus of G. Since each Xi 
commutes with 5, it lies in Zg{S) = S. □ 

2.2 The case of rank zero 

There is a general finiteness result in this case: 

Proposition 2.2.1 Let K he a compact group with finite center. (We do not assume 
that K is connected nor that the component of the identity is simply connected.) Up to 
conjugation, there are only finitely many almost commuting ordered N -tuples of rank zero 
in K. Thus, for each anti- symmetric N x N-matrix C = {cij) with coefficients in CK , the 
moduli space M.k{C) is a finite set. 

Proof. The proof is by induction on N . The case = 1 is deduced from the following 
lemma. 
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Lemma 2.2.2 Suppose that CK is finite. There are only finitely many conjugacy classes 
of elements g £ K for which the center of Z{g) is finite. In case K is connected and simply 
connected, and thus semi- simple, the center of Zk{x) is finite if and only if x is conjugate 
to the exponential of a vertex of an alcove A. 

Proof. Fix a maximal torus T C . Let W{T,K) be the normalizer oiT in K modulo 
its centralizer. It is a finite group, whose action on T is covered by a linear action on t. 



Fix g £ K. According to |17], II §3 Proposition 2 (see also there is a regular element 
in Q fixed under Ad g. Thus, after conjugation we can assume that g normalizes T and a 
positive Weyl chamber Cq C i. This implies that Tq = (T^)^ contains a regular point of 
T. The torus Tq is a maximal torus of and the normalizer of Tq in K is contained in 
the normalizer of T. Let us suppose that the center of Z{g) is finite. This implies that 
Wq = W{To, Z(g)) acts on Tq and that there are only finitely many points fixed by the 
action of Wq. Equivalently, Wq acts on the quotient torus Tg = T/(Id — Ad g)T with only 
finitely many points fixed by Wq. 

It suffices to show that there are only finitely many conjugacy classes of elements g' £ K 
which (i) are congruent to g modulo K^, (ii) such that Ad g'\T = Ad g\T and (iii) have the 
property that = W{To, K^') is equal to Wq. 

Any element g' £ K satisfying (i) and (ii) is an element of the form tg for some t £ T. 
The conjugacy class of tg in K depends only on [t] £ Tg. 

For each w £ Wq there is an element £ Nk{Tq) C Nk{T) such that [hw,g] = 1 and 
[hiu] = w £ Wq. Suppose that g' = tg satisfies (iii) for some t £ T. Then, for all w £ Wq 
there exists /i^ = t^h^, tw £ T, commuting with tg. Then 

twhw^g^w — ^9 

or 

t^-{ty{t-')=t. 

Thus [t] £ Tg is fixed by w for every w £ Wq. This means that there are only finitely many 
possibilities for [t] £ Tg and hence only finitely many possibilities for the conjugacy class of 
tg in K. 

In the case when K is connected and simply connected, Z{x) is connected. Thus, it has 
a finite center if and only if it is semi-simple. This occurs exactly when x is conjugate to 
the exponential of a vertex of an alcove A. □ 

There is the following which we shall need later: 

Lemma 2.2.3 Let K he connected and simply connected, let (xi, . . . , xat) he a rank zero 
subset of almost commuting elements of K , and suppose that \xi,Xi\ = 1 for all i. Then 
Z(xi) is semi-simple and xi is conjugate in K to the exponential of a vertex of an alcove. 

Proof. The (A'' — l)-tuple (x2, • • • ,XAr) is a rank zero almost commuting {N — l)-tuple 
in Z{xi). Hence the center of Z{xi) is finite, so that Z{x\) is semi-simple. It follows from 
Lemma p. 2. 2 that x\ is conjugate to the exponential of a vertex of an alcove. □ 
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Proof of Proposition |2.2.1 



Case = 1. An almost commuting 1-tuple is a single element g & K. Rank zero means 
that Z{g) is finite and a fortiori that its center is finite. Thus, the result in this case is 
immediate from Lemma 2.2.2. 

General Case. We prove the general case by induction on N. Suppose that the result is 
known for all groups with finite center and for all almost commuting fc-tuples for k < N. 
Consider an ordered almost commuting A^-tuple x = (xi, . . . ,xn) K oi rank zero. Let 
Z(xi\f) be the subgroup of elements of K whose commutator with lies in CK. Since 
X C Z(x7v) and x is of rank zero, we see that the center of Z{xj^) must be finite. Let K 
be the quotient of K by its center and let xm be the image of xat in K. Then we have an 
exact sequence 

{1} -^CK^ Z{xn) ^ Zj^{xn) ^ {1} 

and it follows that the center of Zj^{xi^) is finite. Applying the previous lemma to K, we see 
that there are only finitely many possibilities for Xf^f up to conjugation in K. Hence, there 
are only finitely many possibilities for xn G up to conjugation. Let x' = (xi, . . . ,xn-i)- 
This is an ordered almost commuting (N — l)-tuple in Z{xn). Consider the center of the 
centralizer Z of x' in Z{xn)- Clearly, Z{^) = Z n Z{xm) is a subgroup of finite index of 
Z. Since the center of Z{'k) is finite, it follows that the center of Z is finite. This means 
that x' is of rank zero. Thus, by the inductive hypothesis, there are only finitely many 
possibilities for x' up to conjugation in Z{x]\f), and hence only finitely many possibilities 
for x' in Z(xiv) up to conjugation by Z{x]\f). This completes the inductive step. □ 



2.3 The case of arbitrary rank 

In this section we return to the group G, which is connected and simply connected and thus 
semi-simple. Let C = {cij) be an antisymmetric N x N matrix with coefficients in CG. 

Fix a subset I C A. Suppose that Lj contains all the elements Cij, 1 < i, j < N . Let 
M.^^{C) C AiLj{G) be the subset of conjugacy classes of rank zero ordered A^-tuples of 

C-type in L/. Let Ai^ (C) be a set of representatives for the finite set M.^ (C). 

Let Fj = Sj D Lj . This is a finite subgroup of the center of Lj. Consider the action of 
on Lf given by 

(/i, ---Jn) ■ {yi,-- ■,yN) = ifm, ■ ■ -jNyN)- 

Clearly, this operation does not change the pairwise commutators, nor does it change the 
centralizer in L/ of the subset. Hence, it defines an action of F^ on M^^{C). 
Then we have a map 

Sf X Ml^iC)) ^ Mg{C) 
which associates to (si, . . . , s^v) x the conjugacy class of the ordered A^-tuple 

X = (sifi, . . . ,SNrN), 
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where (fi, . . . , fjv) is the chosen representative in A4q{C)^ for the element r G Ai^^{C). It 
is clear from the definitions that this map is independent of the choice of representatives 
Ai^^{C) for the conjugacy classes Ai^^{C) and that it factors to define a continuous map 

The group Ng{Si) acts by conjugation normalizing Sj and hence Lj. Thus, it acts 
on Ai^^{C). The group Zq{Si) acts on Lj by inner automorphisms of Lj and hence acts 
trivially on M%{C). Thus, we have an induced action of W{Sj, G) = Ng{Si) / Zg{Si) on 

Clearly, the map p factors through this action. 

Theorem 2.3.1 For / C A, let Mjj{C) C Mg{C) be the subspace of conjugacy classes of 
ordered N -tuples x of C -type in G whose centralizer has a maximal torus which is conjugate 
to Sj. The map p induces a homeomorphism 

p: (5f XpM M%iC))) /W{Sj, G) ^ MhiC). 
In particular, MIq{C) is a compact H aus dor ff space and hence a closed subset of Mg{C). 



Corollary 2.3.2 For each / C A the subset A4q{C) is a union of components of Jv[g{C). 
In particular, the rank of x and the subset /(x) are locally constant functions on Mg{C)- 



Proof of Corollary |2.3.2 . According to the theorem the subset A^q(C) is compact and 



hence is a closed subset of M-g{C). Since Mg{C) is a disjoint union of the M-q{C) for the 
various / C A and since these subsets are closed and finite in number, each is a union of 
components. □ 



Proof of Theorem |2.3.1| . Fix a subset I C A. Suppose that x is an ordered A^-tuple of 
C-type in G and that a maximal torus S for Z{x.) is conjugate to Si. Conjugating x we can 
assume that 5 = Sj. Then x C Z[Si) = Si ■ Lj. Thus, we can write x = (siyi, . . . , snVn) 
with Si £ Si and yi £ Li. It follows that Cij £ Li for all 1 < i < j < and that 
x' = (yi, . . . ,yN) is an ordered A-tuple of C-type in L/. Since S ■ Zi^(x') C Z(x), the 
A^-tuple x' is of rank zero in L/. 

This shows that the map p is onto the subset M-q{C) of M-g{C). To prove that p 
is a homeomorphism onto A^g.(C) we need only show that p is one-to-one. Suppose that 
p{{si, . . . , saO^x) = p{{s[, . . . , s'^), x') where x = (yi, . . . , yAr) and x' = {y[, . . . , y^) are 
elements of Ai^^{C). Then there is g £ G such that 

g{siyi, SNyN)g'^ = {s\y[, . . . , s'j^y',^). 
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Thus gSjg^^ and Si arc both maximal tori for Z = Z{s'^y[, . . . ,s'j^y'j^) and hence there 
is an element in h £ Z such that hSjh^^ = gSig^^. Replacing g by h^'^g allows us to 
assume that g G Ng{Si). Then g'X-g~^ is a rank-zero ordered A'^-tuple of C-type in Lj. 
Also, gvig-'^ = {gs~^g-^s'i)y[, implying that fi = gsT^g-^s'- G Ff. Let / G be the 
given by (/i, . . . , /jv). Then there is an element of L/ which conjugates gxg~^ to the given 
representative for the conjugacy class of /-x' in Ai^^(C). This proves that ((si, . . . ,sn),x) 
and {{s[, s^),x') have the same image in {Sf XpN M^];^j{C))/W{Si, G). □ 

Corollary 2.3.3 There is a component of M.g{C) consisting of conjugacy classes of or- 
dered N -tuples X of C-type with /(x) = I if and only if (i) Cij G Lj for all 1 < i,j < N and 
(ii) Lj contains an ordered N -tuple of C-type of rank zero. The set of these components 
is identified with {^M.^j^^{C) / Ff^ /W{Sj,G). The dimension of each such component is 

N ■ #(A - /). For each component X of M^^A^) let Fj^ {X) C Ff^ be the stabilizer of the 
corresponding point of M.\^^{C). Then X is homeomorphic to 



There is a similar but somewhat more involved statement of the corollary in case G is 
not connected. 

3 A characterization of groups of type An 
3.1 Action of CG on an alcove 

Let G be simple, and let ^ C t be the alcove containing the origin determined by the set 
of simple roots A. Recall that the walls of A correspond to the extended simple roots A. 
We then have the following well-known lemma, whose proof is left to the reader: 

Lemma 3.1.1 Let x £ A and let x = expx G T. Let ^{x) be the set of a E ^ such that 
a{x) G Z. Finally let L{x) be the set of extended simple roots a such that x lies in the wall 
Wa of A corresponding to a. Then <l>(z) is a closed sub-root system of and L{x) is a 
set of simple roots for <l>(x). Thus L{x) corresponds to a proper subdiagram of D{G), and 
moreover every proper subdiagram of D{G) corresponds to a subset I{x) for some x = expx 
with X E A. 

There is the following lemma on the relationships of the coroot lattices. 

Lemma 3.1.2 Let I be a proper subset of A, and let Q- be the sublattice of Q"^ spanned 

by the coroots , a E I. Let k = {gcd ga : a ^ L}. Then the torsion subgroup ofQ^/Q- 
is cyclic of order k, and a generator is 



{Sf/Ff{X)) /W{Sj,G). 
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Corollary 3.1.3 Let x = exp(a;) for some x £ A. Let L{x) be the subset of A consisting 
of all a £ A such that the corresponding wall Wa contains x. Then L{x) is a set of simple 
roots for DZ(x). Moreover Tri{DZ(x)) is a cyclic group of order k = gcd^g^_7(^)(ga)- A 
generator for thejundamental group, viewed as a central element in the simply connected 
covering group DZ{x), is exp((^) where 

a&I{x) 

The affine Weyl group Waff(G) of G with respect to T acts as a group of affine linear 
transformations of t with the alcove A as fundamental domain. For each element c G CG 
there is a unique point Qc ^ A with exp((^c) = c G T. In fact, C,c is a vertex of A and if 
{a = 0} defines the wall opposite this vertex then, in Equation ^, the root integer ha is 
equal to 1. This identifies the center of G with the subset of a G A for which ha = 1- 

Let A' = A — Cc-i- Then A' is another alcove containing 0. Hence there is a unique 
element Wc G W{T, G) with the property that Wc ■ A = A' . The map 

ipc{t) =Wc-{t- Cc-i), 

is an affine linear transformation of t carrying A to itself. We denote its fixed point set by 
and we set A'^ = ACii^. The map c i— > (/9c defines a homomorphism from CG to the group 
of affine linear automorphisms of A. This map is called the action of CG on the alcove A. 
The element Wc &W is called the Weyl part of the action of c. We define a homomorphism 
u = UA'-CG — > W{T,G) by associating to c the element Wc- Notice that v is an injective 
homomorphism CG ^ W{T,G). Its image is the stabilizer in of A and acts simply 
transitively on the set of a G A such that ha = l- If 7c G Ng{T) projects to Wc G W and 
x = exp X for some x £ A^, then 

7c • X • 7~^ = c~^x. (4) 

If A' is another alcove containing the origin, then z^^/ is conjugate to i'a- More generally, 
for any alcove A' , not necessarily containing the origin, there is an action of CG on A' by 
elements of the affine Weyl group. 

Notice that A'^ contains the barycenter of the alcove A and hence is non-empty. Thus, 
the dimension of A'^ is equal to the dimension of which in turn is equal to the dimension of 
the fixed point subspace t'"'^ for the linear action of Wc on t. The affine action ipc permutes 
the codimension-one faces of A, and hence Wc € W permutes the roots in A and induces a 
diagram automorphism of D{G). In fact, every diagram automorphism of D[G) is induced 
by a permutation of A of the form Wc o cr, where c G CG and a is an outer automorphism of 
G, which can be identified with a diagram automorphism of D[G) C D{G). Since there is 
only one integral linear relation among the a G A with positive coefficients with no common 
factor, namely X^„g^ haa = 0, the action of Wc preserves this relation. Thus, ha = h^^.a for 
all a G A. For the same reason, the action of Wc preserves the linear relation ^^^^ QaO^ ■, 
i-e. ga = g-wc-a for all a G A. 
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The above constructs an action of the center of G, or equivalently the fundamental 
group of the adjoint form of G, on the alcove A. More generally, let H he a compact 
connected group with maximal torus T. Let A = 7ri(T). Then the coroots inverse to the 
roots of H with respect to T span a subspace 9 C t, and is a root system on D. 
Let Q/f be the sublattice of A spanned by the coroots and let be the corresponding 
coweight lattice. Then tti{H) = A/Q^, and this group can be identified with a subgroup 
of the center of H, the universal covering group of H. If vr is orthogonal projection from 
t to D under a Weyl invariant inner product, then 7r(A) C P^. Thus there is an induced 
homomorphism 

A/Q^ ^ P^/Q^. 

We consider the decomposition Ah of t into alcoves under the walls of the affine Weyl 
group Wiif[{H). If 3 is the Lie algebra of the center of H, then the alcoves in Ah are of the 
form A' X 3 where A' is an alcove for the affine Weyl group of the derived group DH with 
respect to its maximal torus TDDH. Thus, the alcoves in t are compact if and only if H is 
semi-simple. Since Was{H) = Was{DH), it follows that this group acts simply transitively 
on the set of alcoves in t. 

Fix a set of simple roots Ah for the root system of H with respect to T and let Ah 
be the corresponding set of extended roots. Let A C t he the alcove determined by Ah- 
This alcove containes the origin. Conversely, given any alcove A' containing the origin, it 
corresponds to a set of simple roots A' for Exactly as in the semi-simple case, the center 
of H acts as a group of affine linear isometries of A. The linear part of this automorphism 
defines a homomorphism v.CH W{H). The only difference with the semi-simple case is 
that v is not injective - its kernel is the identity component of CH. For each c G C-ff , we 
let Wc = J^(c). The element Wc acts on the roots of normalizing the set Ah- The action 
on Ah is the one induced by the action of c on the walls of A. Using the homomorphism 
A — > CH described above, we can also view A as acting on A. 

Lemma 3.1.4 Let H he a compact group with maximal torus T and let </?: t — > t 6e an 
affine linear map whose translation part is given by an element v G t which exponentiates 
to c e CH and whose linear part is an element of the Weyl group W{T, H). If there is an 
alcove A i for the affine Weyl group of H such that ^{A) = A, then is the action of c 
on this alcove. In particular, its linear part is Wc- 

Proof. Consider the composition of ip~^ and the affine linear map which is the action of 
c on A. The translation part of this map is given by an element of t which exponentiates 
to the identity in H and hence is contained in the coroot lattice for H. The linear part is 
a composition of elements of the Weyl group and hence is an element of the Weyl group. 
That is to say this composition is an element of the affine Weyl group of H. Of course, it 
sends A to A. This means that it is the trivial element of the affine Weyl group. □ 

For future reference, we shall also need the following lemma on the stabilizer of a point 
of T under the action of the Weyl group. 
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Lemma 3.1.5 Fix an alcove A <Zi. Lett eT and leti e Abe a lift oft. Let W = W{T, H) 
and let W{t) he the Weyl group generated by the roots a such that a{t) G Z, in other words 
by the root system Then the map u induces an isomorphism 

StabA/Qv(t)^StabH/(t)/VF(t). 
Moreover, if I is the image of Stab^/QV (t) under v, then I = Stabvy(t) n Imz/ and 



Proof. Suppose c G K/Q'fj. If stabilizes t, then t = wdt — Cc-i) for some Cc-i £ ^ 
projecting to c~^, and so wdt) = t. Thus u defines a homomorphism from Staby^/gv (t) to 
Stabvi/(i)- If in the above notation Wc S W{t), then by Lemma p.l.l| , vuc is in the group 
generated by reflections in the roots which are integral on t. Thus Wc{t) = t + A, where 
XeQ)j. From 

Wc{i) = i+WciCc--^) = i+ X, 

it follows that wdCc-^) ^ Q'h hence that Cc-i ^ Qh- Thus, G ^/Q'h trivial, so 
that c is trivial as well. This shows that z^lStab^/QV (t) is injective, and, if / is its image, 
then /n = {!}. 

Now suppose that w £ W fixes t. Thus w{t) = t + c for some c G A. Hence A and 
= w(^) — c are two alcoves, both of which contain t. After transforming A' by an element 
in the group generated by refiections in the walls of A containing t, we can then assume 
that A' = A. By Lemma |3.1.4 , it follows that vu = Wc- This says that every element of 



Stabvi/(t) can be written as a product of an element in Imz^ times an element of the group 
generated by refiections in the walls of A containing t. But by Lemma |3.1.1| , this second 
group is exactly W{t). This proves that / = Stabvi/(i) i^f™ and that Stabiy(t) = W{t) - I. 
Since W{t) is a normal subgroup of Stabvi/(t) and the product decomposition is unique, by 
the first paragraph of the proof, we see that Stabvi/(i) — W{t) x /. □ 

Clearly, if A G A/Q)^ has infinite order, then it does not stabilize any point. Thus 
Stabj\/QV (t) is identified with the stabilizer of t in the torsion subgroup of A/Q^. 

Finally, we note that all of the results of this subsection go over, with essentially identical 
proofs, to the case where t = c) © 3 is a real vector space, $ is a root system on c), not 
necessarily reduced, and A C t is a lattice such that 

C A n n C 7ro(A) c 

where ttq is projection to the factor t). 



3.2 A first characterization of groups of type An 

Lemma 3.2.1 Let <I> be irreducible, but not necessarily reduced, with d as highest root and 
let e = J2aeA ^aO- be the highest short root. ( Of course, d = e if and only if $ is simply 
laced.) 
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1. d and e are orthogonal to all hut either one or two simple roots. 

2. The following are equivalent: 

(i) R is of type An for some n > 2; 
(a) d is not orthogonal to two simple roots; 
(Hi) e is not orthogonal to two simple roots. 

3. If R is not of type An for any n> 1, then e = zua for some a G A. 
Proof. We have 



The coefficients ha and e^, are positive integers. Since d is the highest root, resp. e is the 
highest short root, the n{a,d), resp. n(a,e) are also nonnegative. Statement 1 fohows. 

Clearly, (i) implies (ii) and (iii). Moreover, since the passage to an inverse system is 
conformal and permutes the roles of d and e, (ii) is equivalent to (iii). It remains to see 
that (ii) implies (i). Assume (ii) holds. Let a,b be the simple roots not orthogonal to d. 
There exists a root / which is a sum of distinct simple roots including a, b. (Namely, / is 
the sum of the simple roots corresponding to the nodes of the interval connecting a and b 
in the Dynkin diagram for $.) Then n(/, d) = 2. But since d is a root at least as long as all 
other roots, the Cartan integer n{f, d) = 2 implies that f = d, and (i) follows. This proves 



By Statement 2, there is a unique simple root a for which n(e, a) / meaning that e is 
a multiple of Wa. Of course, n(e, a) > 0. Since e is short, n(e, a) € {1, 2}, with n(e, a) = 2 
if and only if a = e. Since R is not of type Ai , this can never happen, proving Part (3) . □ 

Proposition 3.2.2 1. Let G be simple. Then there exists a fundamental weight Wa such 
that Wa{CG) = 1 if and only if G is not of type A^ for any n. 

2. Let G = Yl^^i Gi he the decomposition of G into simple factors, and let c G CG he the 
product c = ci ■ ■ ■ Cs with Ci £ CGi. Write log(c) = Ylae/s. ^aO^ ■ If no Xa is integral, 
then for each i,l < i < s, we have Gi = SU (n^) for some Ui > 2 and the element Ci 
generates CGi. 

3. Suppose that G is of type An and that c generates CG. Write log(c) = X^aeA '^a'^^- 




Part (2). 



Then 




In particular, no Xa is integral. 
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Proof. (1) If G is simple and not of type An, then by Lemma |3.2.1| there is a fundamental 
weight uja which is a root and hence kills CG. Conversely, if G = SU{n+l), the fundamental 
representations are the exterior powers /\* C""*"^, 1 < i < n, of the standard representation, 
and their highest weights are nontrivial on CSU{n + 1). 

If log(c) = AqO^, then zua{c) = exp(27rV— lAa)- Thus, (2) follows from (1) and the 
fact, again easily verified by direct inspection, that, for a proper subgroup C of the center 
of SU{n), there is a fundamental weight which kills C. 

Finally, (3) follows by examining a generator for the center of SU{n + 1). □ 

The proof actually establishes the following: 

Addendum 3.2.3 Let ^ be a not necessarily reduced root system with irreducible factors 
<I>j. Let A be a set of simple roots for Suppose that ( = YlaeA ^aO-"^ G P'^i^), where 
Aa £ Q- Then no \a is integral if and only if every <I>j is of type An^ for some integer Ui, 
and, for every i, the projection of C & P^($)/(5^(^>) = 0^ -P^(^'i)/Q'^(^j) to the factor 
P"^ {^i)/Q'^ i^i) generates this factor. 

3.3 Subgroups associated with elements of the center 

Let c G CG and let A S t be such that exp(A) = c. Write 

A=^A,a^ (5) 

aeA 

Then the Aq, are rational numbers. Let A(c) = {a £ A|Aa Z}. The set A(c) depends only 
on c and not on the choice of a lift A. In the notation of Lemma we set ic = tA(c)) 

Sc C T equal to the subtorus with Lie(S'c) = ic, and Lc = iA{c) = DZ{Sc)- 

Lemma 3.3.1 With the previous notation we have 

1. vja{c) = 1 if and only if a ^ A(c). 

2. ce Lc. 

3. // / C A has the property that c E Lj, then A(c) C /, and hence Lc ^ Lj. 



Proof. Recall that Wa{c) = exp(27rV— lAa) and that G tPlLie Lj if and only if a G A(c). 
From these facts (1) and (2) are clear. 

If c E Li, then c = exp(A') for some element A' in the real linear span of the coroots 
for a G A/. Since the element A' differs by an element of the coroot lattice from A, we see 
that Aa G Z for ah a ^ /. That is to say A(c) C /. □ 
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3.4 A further characterization of products of groups of type An 

Proposition 3.4.1 Let G = Y\i=i^i' with the Gi simple. Let c G CG. The following 
conditions are equivalent. 

1. The fixed point set T^" of the Wc-action on T is finite. 

2. For each i, 1 < i < s, the group Gi = SU{ni) and the projection Ci of c into Gi 
generates CGi. 

3. A(c) = A, i.e. in Equation^ no coefficient Aq is integral. 

Proof. We have c = ci ■ ■ ■ Cg with Cj G CGj, Wc = ■ ■ ■ Wc^, and A = Ai x ■ ■ ■ x Ag 
where Ai is an alcove for Gi. The condition that T^" be finite implies that for each i the 
action of Cj on the alcove Ai permutes transitively the vertices of A^. Hence, every vertex 
of the alcove Ai is an element of the center of Gi. This means that the highest root is the 
sum of the simple roots. The only groups with this property are groups of type An. This 
shows that (1) implies (2). 

It is clear that (2) implies (1) and (3). The fact that (3) implies (2) follows from 
Proposition 3.2.2 and Lemma |3.3.1| . □ 



Corollary 3.4.2 Let c G CG, and let L be a subgroup of G of the form Lj. Then L = Lc 
if and only if 

L c£ L; 

2. L is a product of simple factors Li = SU{ni) for some Ui; 

3. The projection of c to Li generates the center of Li. 



Proof. First suppose that L = Lc. By Subsection p.3| , A(c) is a set of simple roots for 
Lc and c G Lc. Of course, in the expression c = Yl,ae/\{c) ^aO^ coefficients Xa are 



non-integral. Hence by Proposition 3.4.1 Lc is a product of groups Y\l^i Li where Lj is 
isomorphic to SU{ni) for some integer nj > 2 and c = ci - ■ ■ Cg where Cj generates the center 
of Lj. 

Conversely, suppose that L = Lj for some /, that c £ L and that L is a product of 
groups ni=i where Lj is isomorphic to SU{ni) for some integer nj > 2 and c = ci ■ ■ ■ Cg 



where Cj generates the center of Lj. By Lemma 3.3.1, A(c) C /. On the other hand, by 



Part (3) of Proposition 3.2.2 , no coefficient of c, expressed as a linear combination of the 
a"^, a G /, is integral, and hence / C A(c). Thus / = A(c) and so L = Lc. □ 
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Definition 3.4.3 Fix an element c G CG. Let Wc be the Weyl part of the action of c on 
the alcove A. Let T'^" be the fixed points of the action of Wc on T. Let S"^" be the identity 
component of T'^", and let V"" be the fixed subspace for the action of Wc on t. Clearly, 
Lie(5"'-) = V"-. 



Proposition 3.4.4 The torus S"^" is conjugate to Sc- 



Proof. Let ti^ = tn Lie(Lc)- It is the Lie algebra of a maximal torus for Lc- Let A' be 
the alcove in i^^ associated with the set of simple roots Ic ^ A for Lc with respect to t^^. 
Let ip'c be the element of VFaff(-^c) whose restriction to A' induces the action of c on A' . 
By Proposition |3.4.1 ip'^ fixes a unique point, say p, of A'. Let ipc be the extension of tp^ to 



i = ^Lc © tc by the identity on tc- Thus (pc is the image of ip'^ in VFafT(G). 

A root of G which is integral on the affine space tc+ p must vanish on tc and hence be 
a root of Lc- But since p is a regular element for Lc, it follows that there are no roots of G 
taking integral values on tc + p. Thus there is an open dense subset of tc + p consisting of 
regular elements for G. In particular, there is v € t with the following three properties: 

1. expv is a regular element for G; 

2. V is fixed by pc, 

3. the unique alcove A for the affine Weyl group of G containing v also contains p. 

The point p lies in the alcove A' C II^, and A' contains the origin. Condition 3 above 
implies that A contains the origin. It follows from Conditions 1 and 2 that ^c sends A to 



itself. By Lemma 3.1.4 we see that ipc is the action of c on A. Thus, the fixed point set 
of the Weyl part w'c of ipc is exactly tc and exponentiates onto Sc- The proposition now 
follows since the Weyl part Wc of the action of c on j4 is conjugate to w'c and hence 5""= is 
conjugate to S'c. □ 



3.5 A consequence of Proposition |3.4.1 



Theorem 3.5.1 With notation as above, fix an integer k > 1 dividing at least one of the 
ga for a £ A. Let I{k) = {a £ A : k )(ga }. Let H{k) be the closed, connected subgroup of G 
whose complexified Lie algebra is generated by {(g" © aei{k) ' ^^^^ -^(^) ^-^ isomorphic 
to 



\i=l / 

where: 

1. c has order k; 

2. for each i, 1 < i < r, the group Hi is isomorphic to SU{ni) for some ni\k; 
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3. for at least one i between 1 and r we have rii = k; 
4- c = Y\i=i Ci and ci G Hi generates the center of Hi. 

Proof. The group H{k) is a semi-simple subgroup of G for which I{k) is a set of simple 
roots. Let iH(k) ^ t be the subspace spanned by the coroots a"^ for a G I{k). Then iH(k) is 
the Lie algebra of a maximal torus of H{k). The element 

A = ^ QaO^ (6) 
is contained in iH(k) and is also in since it is equal to 

a(^A-I{k) 

and by definition k\ga for every a £ A — I{k). This means that every root of H{k) takes 
integral values on A, and hence that A exponentiates to an element c contained in the center 
of the simply connected form H{k) of H{k). By Equation ^, = 1. 

The definition of A implies that, when A is expressed as a linear combination of the basis 
a^,a G lik), all the coefficients of the simple coroots for H(k) are non-integral. Hence, by 
Proposition |3.2.2 , H(k) is a product n[=i where for each i the group Hi is isomorphic 



to SU{ni) for some rij > 2, and c is of the form ci • • • c^. where for each i the element Cj 
generates the center of Hi. Since = 1, each of the q has order dividing k. Since Ci 
generates the center of -ffj, its order is nj. We conclude that ni\k for each i. 

Consider now the component of D{k) that contains a = —d. (Since ga = 1, we have 
a G D{k).) We index the Hi so that this component corresponds to Hi. Since the expression 
for A as a linear combination of coroots has as the coefficient of a, it follows that the 
order of ci in Hi is divisible by k, i.e., that k\ni. Since we have already shown the opposite 
divisibility, it must be the case that ni = k, showing that Hi is isomorphic to SU{k). 
Moreover, the order of c is divisible by k and hence is equal to k, and k is the least common 
multiple of the n^. 

The fundamental group of H{k) is cyclic, by Lemma |3.1.2 , and contains the element c. 



which is of order k. Thus k divides the order of ■Ki{H{k)). On the other hand, ■Ki{H{k)) is 
identified with a cyclic subgroup of WiCSU {rii) = Z/rijZ, and hence its order divides 
the least common multiple of the rij, namely k. Since c has order k, it generates the 
fundamental group of H{k). □ 

Corollary 3.5.2 If N is the maximal value for ga for a G A, then for each k, 1 < k < N , 
there is at least one a G A for which ga = k. In fact there is a simply laced chain of length 
N in D{G) containing a as one end so that the ga, in order, along this chain are 1,2, . . . , N . 

Corollary 3.5.3 // <I> is an irreducible root system and k is a positive integer dividing at 
least one of the coroot integers ga, then gcd{ ga ■ k\ga} = k. 
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3.6 Application to generalized Cartan matrices and afRne diagrams 

In this subsection, we apply the above results on groups of type to establish numerol- 
ogy concerning coroot integers, root integers, and more generally integers which are the 
coefficients of linear relations for nodes of diagrams of affine type. This numerology will be 
crucial for the proof of the Clockwise Symmetry result. 

Let ^ be an irreducible, but not necessarily reduced, root system and suppose that T is 
a set of simple roots for ^. As in the case of reduced root systems, there is the extended set 
of simple roots T, obtained by adding minus the highest root to T. There is an extended 
Dynkin diagram D{^) whose nodes are the extended set of simple roots T, and whose 
bonds, with their multiplicities and arrows are determined by the Cartan integers n(a, b) 
for a,b G T exactly as in the case of the ordinary diagram. Dually, there is the extended 
diagram D^{^) associated with the coroots inverse to the extended roots; it is obtained 
from D(^) by reversing the direction of every arrow. 

More generally, suppose that we are given a finite set T and an integral matrix = 
(n(a, 6)), where a, 6 G T. The matrix N is called a generalized Cartan matrix if: 

1. n(a, a) = 2 for all a £ S. 

2. n(a, 6) < for all a^be S. 

3. n(a, 6) = implies n{b, a) = 0. 

If in addition the set T cannot be divided into two disjoint non-empty subsets Si and S2 
such that n{a,b) = for all (a, 6) G Si x S2, then we call N indecomposable. We will 
assume throughout that N is indecomposable. 

We can form a diagram associated with a generalized Cartan matrix whose nodes are 
indexed by T. It has bonds with multiplicities and arrows determined by the same rules as 
in the case of Dynkin diagrams. Because of indecomposability, the diagram associated with 
a generalized Cartan matrix is connected. Notice that one can reconstruct the generalized 
Cartan matrix from its diagram. 

Given a real vector space V of dimension d+1 and a positive semidefinite bilinear form 
(•, •), suppose that T is a basis of V such that {v, v) ^ for all v £ T. Then we can define 
n{v, w) by the usual formula 

n{v,w) = - -. 7) 

[w, w) 

If iV = (n(t>, w)) is a generalized Cartan matrix and there is a vector u = X^j,^^ ''^'"'^ ™- ^ 
such that n^, > for all v and such that {u,x) =0 for all x G V , then the generalized Cartan 
matrix is said to be of affine type. In this case the associated diagram is called an affine 
diagram, and, according to a theorem of Kac [0], the diagram is either the extended root 
or the extended coroot diagram of a possibly non-reduced root system, and the coefficients 
of the vector u are a fixed positive integral multiple of the (root or coroot) integers on the 
extended diagram. Moreover, every proper subdiagram is the Dynkin diagram of a root 
system. Let t(T) be the quotient of V by the one-dimensional radical of the semidefinite 
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form and let Q(T) be the lattice in t(T) spanned by the image of T. Note that t(T) is 
a d-dimensional vector space with a positive definite inner product. Projection induces a 
bijection from T to a spanning set of t(T) of cardinality d, and the Cartan integers are 
determined by inner products of their images in t(T) by Equation |^. It follows from the 
theorem of Kac that the reflections in the v £ T generate a Weyl group acting by isometries 
on t(T) and that the lattice Q(T) spanned by T is invariant under this group. It also follows 
that there is one linear relation between the vectors of T and that the coefficients of this 
relation can be chosen to be positive integers. 

This construction can be reversed: suppose that ^ is a vector space of dimension d 
with a positive definite inner product and let T be a subset of cardinality d + 1 spanning 

V such that the Cartan numbers defined by Equation |l| are integers and determine an 
indecomposable generalized Cartan matrix. Then this matrix is of affine type. 

For example, if G is simple of rank r, then is a subset of t of cardinality r + 1. 
This embedding induces an identification of t(A^) with t, and further identifies the coroot 
lattice with the lattice Q{A'^) and the Weyl group of G with the group generated by 
the reflections in A^. 

In this general context of affine diagrams, we have the following generalization of Corol- 
lary |3.5.2| . 

Proposition 3.6.1 Let D{T) be a connected affine diagram whose nodes are indexed by 

V £ T. Let n: T — > N 6e a function such that ^ n{v)v = in t(T). We denote n{v) by n^. 
Let k he a positive integer which divides at least one of the n^. Let /(n, k) = {v : k /n^, } C 
T. Then there exist cyclic subgroups Ci C Z/kZ, not necessarily distinct, and a bijection 

^k:L{n,k)^l[iC,-{0}) 

i 

such that Uy = 4>k{v) niod k for all v G /(n, k). 



Proof. Let ^ 

Then ( lies in the R-span t(/(n, fc)) of I(n, fc) in t(T) as well as in Q{T). Since L{n,k) is 
a proper subset of T, it is a set of simple roots for a root system on t(/(n, fc))* with the 
property that the given inner product on t(T) restricts to a Weyl invariant inner product 
on t(/(n. A;)). Let ^' be the inverse root system on t(/(n, A;)), so that L{n,k) is a set of 
simple coroots for ^. Since C £ QC^), C has integral inner product with the lattice spanned 
by /(n, k) and hence C £ -P^(^'). Moreover, all of the coefficients of C are non-integral with 



respect to the set of simple coroots given by I{n,k). Thus, by Addendum |3.2.3| , ^' is a 
product of irreducible root systems of type A^. for some integers Ni and C projects into 
each factor P^(^'i)/(3^(^'i) as a generator. Since kC £ it follows that {Ni + l)\k. 

Let Gi be the cyclic subgroup of Z/kZ of order Ni + 1. The result now follows immediately 



from Part 3 of Proposition 3.2.2|. □ 
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3.7 Numerical consequences of Proposition |3.6.1 



Let T be a finite set and let n: T — > N be a function. We denote n{v) by n^. For every 
positive integer k wliich divides at least one of the Uy, let /(n, k) = {v : k J(ny } C T. We 



suppose throughout that the pair (T, n) satisfies the conclusions of Proposition |3.6.1 



Assumption 3.7.1 For every positive integer k which divides at least one of the n^, there 
exist cyclic subgroups Ci C Z/kZi, not necessarily distinct, and a bijection 



b,:I{n,k)^l[ia-{0}) 



such that Uy = (pkiv) mod k. 

Let no = gcd{n„ : v £ T}. We call the pair (T, n) reduced if no = 1. In general, if we 
define n^ = Uv/uq, the pair (T,n') also satisfies the conclusions of Assumption 3.7.1 and is 
reduced. 

Let us introduce the following notation: 



i{x, k) 

N 
9 



eT -.Uy 

G T : n^, 



x}; 

X mod k} = i[x + 



maxjnt, : G T} : 
Uy = xi{x). 



X>1 



Note for example that i{x,N) = i{x) for all x such that 1 < a; < A^. 



The following is a consequence of Assumption 3.7.1 



Lemma 3.7.2 Suppose r, s G Z are not divisible by k. If {s) C (r) as subgroups o/Z/fcZ, 
i{r, k) < i{s, k). Hence, if (s) = (r), then i{r, k) = i{s, k). 



Lemma 3.7.3 The x such that i{x) ^ 0, in other words the integers of the form Uy, are 
exactly the positive multiples of uq less than or equal to N. 

Proof. It suffices to consider the case where (T, n) is reduced and to show that the x such 
that i{x) 7^ are exactly the integers x such that 1 < x < A^. Let i be the smallest positive 
integer such that i{£) ^ 0. Thus i{t) = for t < £, and hence, by Lemma 3.7.2| , i[t) = for 



N — £ < t < N . If £ ^ 1, since (T, n) is reduced, there exists an x with i{x) ^ and with x 
not divisible by £. Choose x to be the smallest such positive integer. In particular, x > £, 
and, by Lemma 3.7.2| , i{N — x) = i{x) ^ 0. Since 



.(x- £) = £- x = N - X mod {N-£), 
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it follows that i{x -i,N -£) y^O. For d > 1, 

d(N - e) + X - e > N - i + X - i > N - 

and so if t = X — £ mod {N — i) and i{t) ^ 0, then t = x — i. This says that i{x — i) = 
i{x — i, N — i) 7^ 0. But x — i < x and i)(x — £, contradicting the choice of x. Hence 1 = 1. 
Applying Lemma |3.7.2 with k = N and r = 1, we see that i{s) > > 1 for all s with 



1 < s < A^. □ 

Lemma 3.7.4 Suppose that (T,n) is reduced. Then ^(N) < 2, where ip is the Euler 
ip-function, and hence N S {1,2,3,4,6}. 

Proof. Suppose that 1 < x < — 1 and that x is relatively prime to A^. Then by 
Lemma 0.7.2 and Lemma |3.7.3| , i{x) = i(l) > 1. Assume that x 7^ 1, A^ — 1. Then 



z(l) + l <i{l)+iiN) <i{l,N -1) <i{x,N-l) = i{x) = i(l), 
a contradiction. Thus x = lorx = A^ — 1, and so fiN) < 2. □ 

Lemma 3.7.5 Let £ > I be a positive integer such that ^ 0. Then either i{t£) = for 
t > 1 ori{£) > 2. 

Proof. We may assume that (T, n) is reduced and that 2£ < N. Since £ + 2 < 2£ < N , 
i{l,£ + 1) > 2. First suppose that ^ > 3. By Lemma |3.7.2| , i{l,£ + 1) = i{£,£ + 1). Since 



2£ + 1 > 6 > A^, by Lemma |3T^ , it follows that i{£) = i{£,£ + 1) = i{l,£ + 1), which as 
we have just seen is at least 2. Now suppose that £ = 2. Then A^ = 4 or 6. If A^ = 4, 
then as before 2£ + 1 > A^ and so i{2) = i(2,3) > 2. If A^ = 6, then i(l,5) > 2. But 
5) = i(2, 5) = i{2) and so again i(2) > 2. □ 

In case (T, n) is reduced, it is easy to check that necessary and sufficient conditions on 
the integers i(x) for the pair (T,n) to satisfy Assumption |3.7.1 are as follows: 



• For A^ = 1 or 2 there is no condition on the i{x). In this case g = i{l), resp. 
g = i{l) + 2i{2). 

• For A^ = 3, a necessary and sufficient condition is i{l) = i{2). In this case g = 
3(i(l)+i(3)). 

• For A^ = 4, necessary and sufficient conditions are: = i(3); i(l) + z(4) = i{2). In 
this case g = 6(i(l) + i(4)). 

• For A^ = 6, necessary and sufficient conditions are: = i{5) = i(6), i{2) = i(3) = 
i(4) = 2i(l). In this case g = 30i(l). 
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Next we define 



i>i 

Note that dx ^ ii and only if x|n^ for some v. 
Lemma 3.7.6 



^ (p{x)dx = g. 



x<N 



Proof. Using the identity Yld\n ^i'^) ~ ^' have 

f{x)dx = YY^ "fid) = Yny=g. 

x<N ^fzj- d\nv „gx 

□ 

We come now to one form of the statement of clockwise symmetry: 



Theorem 3.7.7 Suppose that the pair (T,n) satisfies Assumption 3.7.1. For each x < N 
such that dx / 0, x\2g. For each such x < N, and for each r < x and relatively prime to 
X, consider the subset of the integers mod 2g given by 

Ti \ i'^ar 2gr '^9r . 2gr 
J [X, r) = < dx + l, dx + 3,..., h Ox - 3, \- dx - I 

IX X X X 

Thus J{x,r) consists of dx integers, centered at 2gr/x and with spacing 2. Then for distinct 
pairs (x,r) ^ iy,s), the sets J{x,r) and J{y,s) are disjoint, and [Jx r '^i^^''') Z/2(7Z is 
either {0,2,...,2g- 2} or {1,3, ... ,2g - 1}. 



Proof. Let us first show that it suffices to consider the the case where (T, n) is reduced. 
For a general pair (T, n), let (T, n') be the associated reduced pair. Thus g = n^g' . For each 
X, write x = im, where £ = gcd(2;,no). Then dx = d'^, where d'^ = dmC^,n'). Moreover, 
it is easy to see that dx = for all other x. An elementary argument shows that the set of 
rational numbers of the form 2g'r/m + a, with 1 < r < m and r relatively prime to m, and 
< a < no, is exactly the set of rational numbers of the form 2nog's/x, with 1 < s < x and 
s relatively prime to x and with x = im, where I = gcd(x, no). Thus, j. J{x, r) C Z/2gZ 
for (T,n) is invariant under translation by 2g' and the image of \Jxr Ji^:''') Z/2(/'Z is 
the corresponding subset for the pair (T, n'). Hence it suffices to consider the reduced case. 

Let J^N = {0/1, l/N, 1/{N — 1), . . .} be the Farey sequence of rational numbers between 
and 1 whose denominator is at most N, written in increasing order. We call integers x 
and y adjacent with respect to A*" if there exist r,s with (r, x) = {s,y) = 1 such that r/x 



35 



and s/y are consecutive terms in Tn- If f /x and s/y are consecutive terms in ^^r, then it 
is a standard fact that sx — ry = 1. The conclusions of Theorem |3.7.7 are easily seen to be 
equivalent to the following statement: 

For all consecutive terms r/x and s/y in J^n, 



2gs ^ 2gr 
y X 



+ dx + dy. 



Using the fact that sx — ry = 1, this condition is equivalent to: 
For all integers x and y which are adjacent with respect to N, 

9 = -i^[.d^ + dy). 

Another way to write the conclusions of Theorem p.7.7 is as follows: for all x < and 
r < X with (r, x) = 1, 

= di + ^ 2dy + dx. 

^ {y,t)=i 

2gt/y<2gr/x 

By the symmetry r ^ —r it is sufficient to check these conditions for r/x < 1/2. The case 
r/x = 1/2 follows from X^a,<7v fix)dx = g- Thus, for < 4, it is enough to check the first 
two conditions: 



25 

N 



29 



N -I 



di + dN] 

di + 2dN + dN-i- 



Let us consider the first condition. By Assumption 3.7.1 

N-l 



d^+dN=Y^ i{t) + 2i{N) = if{N/t)i{t) + 2i{N). 

t=l t\N 
t<N 

Since g = YltLi ti{t) = Ylt=i^ *^(^) + A^^(A^)) we see that it suffices to show that 



N-l 



N 



J2 *^(*) = E -w'^imm 



t=i 



t\N 
t<N 



On the other hand, by Assumption 3.7.1, 



N-l 



( 



\ 



s<Ar 



E *^(*) = E 

t=\ t\N , , 

t<N \(3) = {t) I 

The condition then follows from the elementary lemma: 



i(t). 
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Lemma 3.7.8 For every positive integer N, and every positive divisor t of N, 

E s = -^{N/t). 

s<N 



Proof. Fix t\N. Then that 



s = t Yl u = t-ip{N/t) = -ip{N/t), 



{s) = {t) 



u<N/t 
(u,N/t)=l 



where the second equahty fohows from 



Mip{M)= Y ^= Yl iu + {M-u)) = 2 Y 



u. 



u<M 
{u,M)=l 



u<M 
(m,M)=1 



u<M 
(«,M)=1 



□ 



This proves that the first condition holds under under Assumption 3.7.I . A very similar 
argument handles the second condition. The result follows for < 4. The case A^ = 6 can 
be checked directly. □ 



Remark 3.7.9 One can ask if, given a positive integer A^ there are collections of (not 
necessarily positive) integers not satisfying Assumption 3.7.1 , but such that the cor- 
responding integers dx satisfy the conclusions of Theorem |3.7.7 . It is easy to see by the 
proof of Theorem 3.7.7 that, for A^ G {1, 2, 3, 4, 6}, Theorem 3.7.7| is equivalent to Assump- 
tion |3.7.1| . For N = 5, fixing a positive integer d and setting i(l) = 2d,i{2) = 3d,i{3) = 
3d, «(4) = 2d, i{5) = d, the corresponding integers dx satisfy Theorem [j.7.7| but of course the 



i{x) cannot satisfy Assumption 3.7.1, by Lemma 3.7.4. These are in fact the only nonzero 
examples. 



4 c-pairs 

Let C be an antisymmetric 2 x 2-matrix with entries in CG. Then C is completely specified 
by c = ci2 = ■ We consider ordered pairs of elements {x,y) in G satisfying [x,y] = c 
and call such pairs c-pairs. 

4.1 The rank zero case 

Following our discussion of the structure of the moduli space of almost commuting A^-tuples 
in G, our first task is to determine the set of rank zero c-pairs in G. 
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Proposition 4.1.1 Suppose that c £ CG is an element of order k > 1. Let (x,y) be a 
c-pair of rank zero in G. Then: 

1. Both X and y are regular elements of G which are conjugate; 

2. The group G is a product of r simple factors Gi, where each Gi is isomorphic to 
SU{ni) for some i > 2; 

3. c = ci - ■ ■ Cr where ci generates the center of Gi ; 

4- the subgroup of G/{c) generated by x,y is isomorphic to (Z/kZ)'^ where k is the order 
of c; 

5. All c-pairs in G are conjugate; 

6. Z{x,y) =CG. 

Conversely, if G is as in (2) and c £ CG is as in (3), then there is a rank zero c-pair in 

G. 

Proof. Let (x, y) be a c-pair in G. Conjugation by the element y normalizes the connected 
group Z{x). Thus, by jl^ II §2, since Z{x, y) is finite, Z{x) is a torus. Hence x is a regular 
element of G. By symmetry, y is also regular. 

Recall that ^4 C t is the alcove containing the origin associated to the set of simple roots 
A for $. By conjugation we can assume that x S T, so that T = Z{x). Conjugation by y 
normalizes Z{x) = T, and hence y G Ng{T). Finally, conjugation by an element of Ng{T) 
makes x the image under the exponential mapping of a point x £ A. Since x is regular, x 
is an interior point of A. Let w G W{T,G) be the Weyl element defined by conjugation by 
y. The relation yxy~^ = xc~^ yields w ■ x — ^ = x ioY some ^ G t such that exp^ = c~^. 
We denote by ip the affine linear map v i— > w ■ v — The map (p normalizes the alcove 
structure for Wafr(*^) and </?(x) = x, where x is an interior point of A. Thus, 'p{A) = A. It 
follows that ^ £ A and, by Lemma [3.1.4 , that Lp is the action of c on A. This means that 



w = Wc- Since T^" C Z{x, y), the fact that (x, y) is of rank zero implies that t'^'^ is a single 
point. Thus, Proposition ^.4.1| implies that G is a product of groups Yli=i Gi, where, for 
each i, the group Gi is isomorphic to SU{n.i) for some Ui > 1, and c projects to a generator 
of CGi. The alcove ^4 is a product of alcoves Ai for the simple factors Gi of G. The unique 
fixed point of the c-action on A is the product of the barycenters of the Ai. Thus, x is the 
image under the exponential mapping of the product of the barycenters of the Ai. 

Let {x,y) be the subgroup of G generated by x,y. In fact, it is a subgroup of Ng{T) 
and (x,y)/((x,y) n T) is the cyclic group generated by [y] = Wc £ W. This element is of 
order k, the order of c G CG. Also, x G T is a product of barycenters in the Ai, and so by 
inspection x has order k modulo (c). From this it is clear that (x, y) C G/{c) is isomorphic 
to {ZjkZf. 

Lastly, reversing the roles of x and y and replacing c by we see that y is also 
conjugate to the product of the barycenters of the Ai. Hence, x and y are conjugate in G. 
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Let {x',y') be any c-pair in G and let 5 be a maximal torus of Z{x',y'). By conju- 
gation we can assume that S = Sj for some subset / C A. Then c £ Lj, and hence, by 



Lemma 3.3.1, A(c) C /. Since G is a product of simple factors of type An and c projects to 



a generator of every factor, it follows from Proposition 3.4.1 that A(c) = A. Thus, I = A 
and consequently, S is trivial, which means that {x' , y') is of rank zero. By what we proved 
above, we see that {x',y') is conjugate to a pair {x,y") where x is the image under the 
exponential mapping of the product of the barycenters of the Ai and y" G WcT. But T 
operating by inner automorphism on WcT is transitive since the component of the identity 
of T"^" is trivial. [Proof: Consider the map fi defined by 1 1-^ tWct~^. The isotropy group of 
Wc is {tlw'^tWc = t}, which is finite.] Thus, all such pairs are conjugate by elements of T. 

Suppose that z G Z{x, y). Since x is a regular element oiT, z £ T and z = yzy~^ = WcZ. 
Since G is a product of groups of type A^ and the image of c in each factor generates the 
center of that factor, it follows by inspection that z £ CG. 

Conversely, suppose that G is a product of simple groups isomorphic to SU{ni) and c 
projects to a generator of the center of each factor. Set x equal to the image under the 
exponential mapping of the product of the barycenters of the alcoves for the simple factors 
of G and take y G WcT. Then (x, y) is a c-pair of rank zero. □ 



Corollary 4.1.2 If (x,y) is a rank zero c-pair in SU{n), then {x,y) is conjugate to a pair 
of the form (xo,yo) where xq is the image under the exponential mapping of the hary center 
of A and yo normalizes T and projects to Wc in W(T,G). In particular, both x and y are 
regular elements and are conjugate in SU{n). If n is odd, each of x and y has order n, 
which is the order of c. If n is even, then each of x and y has order 2n, whereas the order 
of c is n. In fact, in this case x"' = y"' = c"/^. 

Proof. All of these statements were established in the course of the proof of the previous 
proposition, except the statements about the orders of x and y. This statement follows by 
inspection of the order of the image under the exponential mapping of the barycenter in a 
group of type An- □ 



4.2 The general case 

The next step is to determine the maximal torus for the centralizer of a c-pair 
Proposition 4.2.1 Let G be simple, let c G CG, and let x = {x,y) be a c-pair. We write 



Then /(x) C A is equal to 



c = exp ^ rafl^ 

VaGA / 



Ic = {a£ A\ra ^ Z}. 



39 



Thus any maximal torus of Z{x,y) is conjugate in G to Sc- Finally, there is a unique rank 
zero c-pair up to conjugation in = DZ{Sc)- 



Proof. Set / = /(x). According to Corollary 2.3.2, c G Lj and there is a rank zero 



c-pair in Lj. Since Lj is simply connected, it follows from Proposition 4.1.1 that there are 
integers ni, . . . ,nr such that Lj is isomorphic to Il[=i SU{ni) and under this isomorphism 
c = ni=i where q generates the center of SU{ni). According to Proposition 3.4.1 , writing 



c = exp(^raa^) 



no is an integer. It then follows from Lemma 3.3.1 that / = Ic, and hence that any 



maximal torus of Z{x, y) is conjugate to Sc- It also follows from Proposition ^.1.1| that the 
c-pair in Lc is unique up to conjugation. □ 



Corollary 4.2.2 Let c G CG he given. Fix a c-pair (xq, yo) L^, and define a map Sc x Sc 
to the space of c-pairs in G by sending (si,S2) to {siXq, S2yo)- This map factors to induce 
a homeomorphism from (Sc x Sc)/W(Sc,G) to the moduli space of conjugacy classes of 
c-pairs in G. 



Proof. According to Proposition [4.1.1| , the moduli space Jv[^j^^[c) of c-pairs of rank zero 
in Lj is empty unless I = Ic and the moduli space M.\^ (c) is a single point. Thus, the 
actions of {F{Sc))'^ and of W{Sc,G) on (c) are trivial. The result is now immediate 

from Corollary 2.3.3| . 



□ 



Proof of Theorem |1.3.1| . Theorem [1.3. 1| is an immediate consequence of Proposition |3.4.4 
and Corollary [4.2.2 . 

Prior to Lemma 3.3.1 , given c, we have defined a torus Sc and the group DZ{Sc) = Lc- 
There is also a description of the abstract group Lc in terms of the action of Wc- 

Proposition 4.2.3 The group Lc is isomorphic to 

Jl SU{na), 

aeA/(tOc) 

where the a are the orbits of Wc acting on A and ria is the number of elements in a. 



Proof. We know by Proposition [4.1.1| that Lc is isomorphic to a product of groups of 
the form SU{ni) and that, if Cj is the component of c in the i^^ factor, then Cj generates 
the center of SU{ni)- The vector space t is a quotient of the vector space 0^^^ R • by 
the one-dimensional space spanned by 'Yla9<^^^ ■ "^^^ element Wc acts on 0^^^ R • by 
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permuting the and is the identity on J2a OaO^ ■ For each orbit a, the subspace 0fega R-a^ 
is it^c-invariant, and the eigenvalues of Wc on this subspace are i = 0, . . . , ng: — 1, where 
(ria is a primitive root of unity. On the other hand, Wc is conjugate to the product of 
the , and the eigenvalues of Wc^ on the subspace of t corresponding to the simple factor 
SU{nj) are Cn^, = 0, . . . , — 1. The proposition fohows by comparing the two forms for 
the set of eigenvalues. □ 

We conclude with a preliminary normal form for a c-pair; we shall give a more precise 
form in Section 6. 

Definition 4.2.4 A c-pair (x,y) is said to be in weak normal form (with respect to the 
maximal torus T and the alcove A) if x £ T, x is the image under the exponential mapping 
of a point x £ and y G Ng{T) projects to Wc in W{T, G). 



Corollary 4.2.5 Every c-pair in G is conjugate to one in weak normal form. 



Proof. By Corollary 4.2.2, after conjugation, we can assume that the maximal torus of 
Z{x,y) is Sc- There is a rank zero c-pair (xo,yo) in Lc = DZ{Sc) and elements (si,S2) £ 
Sc X Sc such that = (si2;o,S2yo) • The intersection T n Lc is the maximal torus of 



Lc- According to Corollary 4.1.2 we can assume that xq is the bary center of an alcove A' 
oi TnLc and that yo normalizes this torus and has image in W{Lc) equal to the Weyl part 
w of the action of c on the alcove A' for Lc- Thus, x £ T and y normalizes T and projects 
to the image oi w £ W{Lc) in W{G). Since this image is the Weyl part of the action of c 
with respect to any alcove A for G containing A' , the result now follows by conjugating x 
and y by an element of W{T, G) which sends A' to A. □ 



5 Commuting triples 

In this section G is simple and Cij = 1 for 1 < i < i < 3. In other words, we consider 
conjugacy classes of commuting triples (x, y, z) in G. We denote the moduli space of 
conjugacy classes of such triples by Tq- 

5.1 Commuting triples of rank zero 

As usual, let A be the alcove T containing the origin coresponding to the set of simple roots 
A. 

Lemma 5.1.1 Let {x,y,z) be a commuting triple in G of rank zero. Then x is conjugate 
in G to the image under the exponential mapping of a vertex v of the alcove A. Let a E A 
he the root with the property that {a = 0} defines the wall of A opposite v. Then ga = ha 
and the order of x in G is ga. For every 6 G A — {a} we have that ga J(gb- Each of y and 
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z is conjugate in G to x and each has order equal to ga- Conversely, let k he a positive 
integer such that k\ga for exactly one a. Then k = ga and there exists a commuting triple 
{x,y,z) in G of rank zero such that the order of x is k. 



Proof. Let {x,y,z) have rank zero. By Lemma 2.2.3, Z{x) is semi-simple and x is 
conjugate to the image under the exponential mapping of a vertex v £ A. Letting a be the 
simple root such that {a = 0} defines the wall of A opposite v, we see that the order of x 
modulo CG is ha- In particular, ha divides the order of x. 

The pair (y, z) is a commuting pair in Z{x) of rank zero. Lift y, z to elements y, z in the 
universal covering Z{x) of Z{x). Then (y, z) is a rank zero c-pair for some c G 7ri(Z(x)) C 
CZ{x). According to Lemma |3.1.2| , the group 7ri(Z(x)) is cyclic of order ga and is generated 
by Co = exp(C), where 

6eA-{a} 

By Proposition [4.1.1| , the existence of a rank zero c-pair implies that c generates 'Ki{Z[x)) 
and that, if exp(C') = c, then, in the expression of C,' as a linear combination of the simple 
coroots, all coefficients are non-integral. Since c is a power of cq, the same is true for C,. 
This implies that, for each 6 S A — {a}, the integer gi, is not divisible by ga- 

By Proposition [4.1.1| , the elements y and z are conjugate in Z{x), and hence y and z 
are conjugate in Z{x). It follows from the same proposition that the subgroup of Z{x) 
generated by y, z is isomorphic to (Z/yaZ)^. In particular, y and z have the same order ga 
in G. 

Interchanging the roles of x and y in this construction, we see that x and z are conjugate. 
Thus, x,y,z are all conjugate in G and hence all have the same order, ga- Since we have 
already shown that the order of x is divisible by ha and since ga\ha, it follows that ga = ha- 



To see the converse, suppose that k\ga for exactly one a. Then, by Lemma 3.7.5 , k = ga- 
Let x be the image under the exponential map of the vertex of the alcove opposite the face 
{a = 0}. By Theorem |3.5.1 , the universal cover Z{x) is a product of groups of type An, 



and Z{x) = Z{x)/{0, where ^ has order k and projects to a generator of every factor. By 
Proposition [4.1.1| , there is a rank zero ^-pair iv^z) in Z{x). It suffices to take {y,z) to be 
the image in Z{x) of {y,z)- □ 

We define the order of a commuting triple of rank zero to be the common order of each 
of its elements. 

Corollary 5.1.2 Suppose that {x,y,z) is a rank zero commuting triple in G of order k. 
Then ■Ki{Z {x)) is a cyclic group of orderk. If the image ofYlaeA^a<i^ under the exponential 
mapping lies in tti{Z{x)) C CZ[x) and generates this group, then ^ Z for every a € A. 

Remark 5.1.3 If G = SU{n + 1), then there does not exist a rank zero commuting triple 
in G. This follows by Lemma |5.1.1| , since all of the ga are one in this case. Of course, it is 
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elementary that every commuting A^-tuple in SU{n + 1) is contained in a maximal torus, 
and hence can never be of rank zero. 



Remark 5.1.4 Suppose that {x,y,z) has rank zero and order k > 1. The lifts y,z in the 
universal covering Z{x) form a c-pair for some c E tti{Z{x)) C CG. It is easy to see directly 
that they generate a subgroup of Z{x) which modulo the center of Z{x) is isomorphic to 
(Z/ZjZ)^ and which meets the center in a subgroup of tti{Z{x)). Thus, the elements y,z 
generate a subgroup of Z(x) which is isomorphic to (Z/A;Z)^ and has trivial intersection 
with the center of Z{x). Since x lies in the center of Z[x) and has order /c, it follows that 
the group generated by x,y,z is isomorphic to (Z//cZ)^. 



Proposition 5.1.5 There is a rank zero commuting triple of order k in G if and only if 
k = Qa for exactly one a. In this case, there are exactly ip{k) conjugacy classes of rank zero 
commuting triples of order k in G. If {x, y, z) has rank zero and order k, then the other 
conjugacy classes of such triples are represented by {x,y,z^) for 1 < £ < k and £ relatively 
prime to k. 



Proof. The first statement follows from Lemma 5.1.1. Suppose that {x,y,z) is rank 



zero commuting triple of order k. According to Lemma 5.1.1, x is conjugate to the image 



under the exponential mapping of the vertex of the alcove opposite the face of A defined 
by {a = 0} where a is the unique element of A such that k = ga- Then {y,z) is a rank 
zero commuting pair in Z{x). Let {y,z) be a lift of {y,z) to the universal covering Z{x) of 
Z{x). This is a rank zero c-pair for some c generating 7ri(Z(x)) C CZ{x). It follows that 
Z(x) is 131=1 with Gi isomorphic to SU{ni) for an integer ni\k and c = ci - ■ ■ Cr where Cj 
generates the center of G,. The element c € 7ri(Z(x)) dependes only on the conjugacy class 
of {y, z) in Z{x). By Proposition [4.1.1| , c determines the conjugacy class of (y, z) in Z(x) and 
hence the conjugacy class of (y, z) in Z(x). On the other hand, again by Proposition [4.1. 1| , 
for each c' G 7ri(Z(x)) C CZ{x) there is a c'-pair {y',z') in Z{x). Moreover, the c'-pair 
{y' , z') is of rank zero if and only if c' generates tti{Z{x)), and in this case (y', z') is unique 
up to conjugation in Z{x). The image {y',z') is a rank zero commuting pair in Z{x). The 
group 7ri(Z(x)) is cyclic of order k and hence has ip{lt) generators. This shows that there 
are exactly '^{k) conjugacy classes of commuting pairs of rank zero in Z[x), and hence ip{h) 
conjugacy classes of rank zero commuting triples in G. 

Clearly, if [y, z] = c then [y, z^] = c^. This proves the last statement. □ 



5.2 A list of all simple groups with rank zero commuting triples 

Suppose that G is simple and contains a rank zero commuting triple of order k. Then 
by Lemma |5.1.1j , there is exactly one coroot integer ga which is divisible by k, and in fact 
Qa = k. Conversely, if there is exactly one coroot integer ga equal to /c, then by Lemma |3. 7. 51, 
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none of the other coroot integers is divisible by k and G contains a rank zero commuting 
triple of order k. Examining the coroot integers on the Dynkin diagrams of the simple 
groups, one sees that the following are the only possibilities: 

1. k = 1: G is the trivial group. 

2. k = 2: G IS of type D4, of type B^, or of type G2. 

3. A; = 3: G is of type Eq or F4. 

4. k = A: G \s of type E-j. 

5. A; = 5 or A; = 6: G is of type E^. 



5.3 Action of the outer automorphism group of G 

Proposition 5.3.1 Let Tq he the space of conjugacy classes of commuting triples of rank 
zero in G. Then the action of every automorphism a of G on Tq is trivial. 



Proof. Let (x, y, z) be a rank zero commuting triple in G. Let k be the order of (x, y, z). 
There is a unique a £ A such that k\ga- After conjugation we can assume that x is the 
exponential of the vertex x of the alcove A opposite the face {a = 0}. After composing a 
with a suitable inner automorphism, we can assume that a normalizes A. The action of 
a on the set of simple roots preserves the integers {^fej^g^- Hence a{a) = a and therefore 
a{x) = X and (t(x) = x. Thus a acts on 7ri(Z(x)), and by Corollary 3.1.3| , since a preserves 
the coroot integers gb, the action is trivial. Hence a acts trivially on the conjugacy class 
of {y,z) in Z{x), by Proposition [4.1. Ij , and therefore on the conjugacy class of {x,y,z) in 
G. □ 



5.4 Action of the center of G 

There is an action of (CG)'^ on the space of conjugacy classes of commuting triples defined 
by (71,72,73) • {x,y,z) = (7ix,72y,73^;). Clearly, Z{x,y,z) = Z(7ix, 72^, 732) so that this 
action preserves the subspace of conjugacy classes of commuting triples of rank zero. 

Proposition 5.4.1 The induced action of {CG)^ on Tq is trivial. 



Proof. Let {x,y,z) be a rank zero commuting triple of order k > 1. First consider the 
action of CG on x. We can assume that x is the image under the exponential mapping of 
the vertex of the alcove A opposite the face {a = 0} where a € A is the unique element 
with k = ga. For any 7 G CG let w-y be the Weyl element which is the linear part of the 
action of c on A. The Weyl element normalizes A and, according to Subsection 3.1, 
preserves the gb in the sense that gw.yb = Ob- This implies that w.y ■ a = a. Thus, the affine 
automorphism ip^ of A fixes x. By Equation ^ this means that if /i G Ng{T) projects to 
G W, then hxh~^ = xj'^. Thus the triples {xj,y,z) and {x,^y,^z) are conjugate. 
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Claim 5.4.2 Conjugation by h normalizes Z{x) and induces the identity automorphism of 
its fundamental group. 

Proof. Since Z{x) = Z{xj) the first statement is clear. By Lemma |3.1.3| , the exponential 
map identifies the subgroup of (Q^ Q)/Q'^ generated by C = (— l/5a) SbGA-{a} 9''^'^ with 
the fundamental group of Z{x). The element normalizes the set A — {a} C t* and the 
subset — {a^} C t. Since g^j^h = gi,, for 6 G A, it is clear that fixes C £ t) a-^d hence 
acts trivially on tti{Z{x)). □ 

It follows immediately from the claim that {J^y,^z) lifts to a c-pair in Z{x), where 
c = [y,z] for any two lifts of y,z to Z{x). By Proposition |4.1.l| , {^y,^z) is conjugate in 
Z{x) to {y,z). Hence {x^,y,z) is conjugate to {x,y,z), and so the action of CG on the 
first factor of commuting triples induces the trivial action on the space of conjugacy classes 
of commuting triples of rank zero. The situation is completely symmetric in x, y, z and it 
then follows that the action of CG on the space of conjugacy classes of commuting triples 
of rank zero is trivial. □ 



5.5 The general case 

If > 1 divides at least one of the ga, we set I{k) CA = {aGA:fc J(ga}- Let f{k) be the 
face of A which is the intersection of all the walls of A defined by the a E I{k) and let 

t(A;) = Pi Ker a. 

ael{k) 

Of course t(A;) is the linear space parallel to f{k). By convention, if k = 1 then we let 
i{k) = t. In all other cases i{k) is a proper subspace of t. Let S{k) be the subtorus of T 
whose Lie algebra is t(A;) and let L{k) be the derived group of Z{S{k)). 

Proposition 5.5.1 Let {x,y,z) be a commuting triple. Then there is a unique positive 
integer k > 1 dividing at least one of the ga with the following properties: 

1. S{k) is conjugate to a maximal torus of Z{x,y,z). 

2. After conjugation, we can find a decomposition {x,y,z) = [siXq, S2yo, s^zq) where 
Si G S{k) and (xq, yo, zq) is a commuting triple of rank zero and of order k in L{k). 

3. The element x is conjugate to the exponential of an element of f{k). 
We call k the order of the commuting triple {x,y,z). 

Proof. Let (x, y, z) be a commuting triple, let S be a maximal torus of Z{x, y, z) and 
let 5 = Lie(S'). By Theorem p. 3.1 , there is a commuting triple {xQ,yQ,ZQ) of rank zero in 
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L = DZ{S) such that x ^ S ■ xq. Let k be the order of (xcyoi-^o)- If A; = 1, then L is 
trivial. In this case, x,y,z & S and hence they are all contained in a maximal torus. Thus 
S itself is a maximal torus for G. Conversely, if x, y, z are contained in a maximal torus T, 
then T is a maximal torus for Z{x, y, z) and hence L is trivial. For the rest of the proof, 
we assume that L is not trivial, or equivalently that S is not a maximal torus. 

Claim 5.5.2 L is a simply connected, simple group, not of type An for any n. If G is not 
simply laced, then L is not simply laced. 



Proof. Let L = Y\ - Li be the decomposition of L into its simple factors. Since L = DZ(S), 
L is simply connected and the Dynkin diagram of L is identified with a subdiagram of the 
Dynkin diagram of G. Thus, at most one of the components Li is not of type An- Since 
L has a commuting triple of rank zero, it follows that each of the Li has such a triple. By 
Remark 5.1.3| this implies that no Li is of type An- Thus, L is simple. The last statement 
is clear since, if G is not simply laced, then D[G) is a chain, and hence every simply laced 
subdiagram is of type An for some n. □ 



Claim 5.5.3 For a generic x' £ S ■ xq, DZ{x') = Zl{xq). In particular, Zl{xq) is semi- 
simple. 



Proof. Suppose that x' is generic in S ■ xq. The roots in DZ{x') are the roots that 
annihilate x' . Since x' is generic, a root annihilates x' if and only if it annihilates S and 
annihilates xq. This shows that the roots of G annihilating x' are exactly the roots of 
L annihilating xq and hence that DZ{x') = DZl{xq). Since {xQ,yQ, zq) is a rank zero 
commuting triple in L, the center of Zl{xq) is finite. Since Zl{xq) is connected, it is semi- 
simple and equal to its own derived group. Thus DZ{x') = DZl{xq) = Zl{xq). □ 

Let x' G S" • be generic. After conjugation, we can assume that x' is the the image 
under the exponential mapping of a point in A. We let I{x') C A be the subset consisting 
of all the roots vanishing on x' . The subset I{x') forms a set of simple roots for the root 
system of DZ[x') with respect to the maximal torus Tn DZ{x'). 

It now follows from Corollary ^.1.2 that t:i{Zl{xq)) is a cyclic group of order k, and 



hence 'Ki{DZ{x')) is cyclic of order k. By Corollary ^.1.3| , this means that k divides ga for 
every a £ A—I{x'). That is to say I{k) C I{x'). Hence x' is the image under the exponential 
of a point of f{k). Since x' is generic, the same conclusion holds up to conjugation for x. 
Since {xo,yo,zo) is a rank zero triple in L, it follows from Corollary [5.1.2 that if / is 



any set of simple roots for the root system Zi{xq) and if c = Xlae/^"^^ property 
that its image under the exponential mapping is a central element in Zl{xo) generating 
7ri{ZL{xQ)), then no ra is an integer. But according to Corollary |3.1.3 , I{x') is a set of 



simple roots for the root system DZ{x') = Zl{xo) and the exponential of 

a£l(x') 



- E 



k ^ ^ 
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generates the fundamental group of DZ{x') = Zl{xq). It follows that k /\ga for every 
a € I{x'). This implies that I{x') C I{k), and hence that I{x') = I{k). 

Hence x' is contained in the interior of the face f{k) of A and DZ{x') has I{k) as a set 
of simple roots. Consequently, Zl{xo) has I{k) as a set of simple roots. Since Zl{xq) is 
semi-simple, Lie(Zi(xo)) H t = Lie(L) n t. Thus, s = Lie(S') is the perpendicular space to 
{a'^l^gj^^^. It follows that s = t(A;) and L = L{k). □ 



We now establish a converse to Proposition 5.5.1 



Proposition 5.5.4 Suppose that k > 1 is a positive integer dividing at least one of the ga- 

Then there exists a commuting triple of order k in G. 



Proof. We begin with the following result about root systems: 

Proposition 5.5.5 Let ^ be a reduced and irreducible root system on a vector space t, and 
suppose that k > 1 is an integer such that k\ga for some a. Define I{k) and i{k) as before, 
and let $(A:) he the set of all roots which annihilate i{k). Then ^(k) is an irreducible root 
system. Moreover, if the coroot integers for ^(k) are of the form mh,b £ A{^{k)), then 
k\mii for exactly one b, and in this case k = mi,. 

Proof. We may assume that <I> is the root system of a simple and simply connected group 
G. Thus there is a torus S{k) corresponding to i{k). Let L{k) = Z{S{k)). Then ^{k) is 
the set of roots for L[k), and in particular it is a root system. Let Q\f^^-^ be the sublattice 
of generated by the coroots of L[k). Then Q\^j.-^ is a primitive sublattice of Q"^ , by 
Lemma [2.1.1| . Let Qj^^^ be the lattice spanned by I{k). Then Qj^^^ is a sublattice of Q\^j.y 
By Lemma |3.1.2| , Toi:{Q'^ /Q- ) is a cyclic group of order equal to the gcd of the ga such 
that k\ga, and by Corollary |3.5.3| , this gcd is k. Since Q^^j^-^ is a primitive sublattice of , 
it follows that Q'L{k) / i^ cyclic of order k. 

Next, we have the following description of the root system ^{k): 

Claim 5.5.6 Let be the set of positive roots for <I> corresponding to A and let L{k) = 
L{k) n A. Then <l>+(/c) = <!)+ n (^{k) is a set of positive roots for ^{k). Let A{k) be the 
corresponding set of simple roots. Then A{k) = I{k) U {6} for some root b G ^{k). The 
root system ^{k) is irreducible and the highest root d for <I> is also a highest root for 

Proof. Choose any p contained in the interior of A. Then the roots of ^{k) which are 
positive on p are exactly those in ^^{k). Thus, ^^{k) is a set of positive roots with respect 
to some set of simple roots of ^[k). Clearly, the elements of L{k) C ^[k) are positive roots. 
Since none of these can be written as a non-trivial linear combination of positive roots of 
a fortiori none of these can be written as a non-trivial linear combination of positive roots 
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of ^{k). Thus I{k) is a subset of the set of simple roots A (A;) determined by ^~^{k). Since 
Qa = 1, a £ I{k) implying that the cardinality of I{k) is one less than the dimension of the 
span of ^{k). Thus, there is a root b E <I?+(/c) with the property that A(A;) = I{k) U {b}. 

Let d be the highest root of $ with respect to the positive roots Since a E I{k), 
d = -de ^'^(k). Write = Ea67(fe) '^a.a^ + "ife^^- Since {a'^,a E I{k)} U {6"^} is a basis 
for Q'^f^j.-j and {a"^, a E /(A;)} U {d^} is a basis for Q'jfj.y it follows that Q/^(fc)/Qj^^-| is cyclic 
of order m;,. Thus m;, = /c. Since A; J[ga for all a E I{k), it follows that ttIq 7^ for all 
a E /(fe). This proves that all the coefficients is this expression are non-trivial, and hence 
^[k) is irreducible. Since the sum of d and any positive root in $ is not a root of it 
follows that d is the highest root of $(A;) with respect to the set of simple roots A(A;). □ 



Returning to the proof of Proposition 5.5.5| , we see that we have proved that '^{k.) is 



irreducible and that k = mi, and k /ma for a b. This completes the proof of Proposi- 



tion 5.5.5. □ 



Finally, let us finish the proof of Proposition ^.5.4 Since L{k) is a simple group and k 



is equal to exactly one of the coroot integers of L{k), it follows by Proposition 5.1.5 that 
L{k) contains a commuting rank zero triple of order k. Of course, such a triple will also be 
a commuting triple of order k in G. □ 



Theorem 5.5.7 Let G he simple. Let k>l he an integer. 

1. If {x,y,z) is a commuting triple of order k in G, then k divides at least one of the 
coroot integers ga and S{k) is conjugate to a maximal torus for Z{x,y,z). 

2. The order is a conjugacy class invariant and defines a locally constant function on 

3. If k divides at least one of the ga, there are exactly '^{k) components ofTc consisting 
of conjugacy classes of commuting triples of order k, where ip is the Euler ip-function. 
Given a component X of Tq, let dx = \ dimX -|- 1. Then 

= g. 

X 

4. Each component consisting of commuting triples of order k in G is homeomorphic to 

{S{k) X S{k) X S{k)) /W{S{k), G). 



Proof. The first statement follows from Proposition ^.5.1 . Clearly, the order is a conjugacy 
class invariant, and it is locally constant on Tq by Corollary 2.3.2. Now suppose that k 
divides at least one of the ga- By Proposition 5.5.4, there is a commuting triple x of order 
k in G. By Part (1), we can assume after conjugation that S{k) is a maximal torus of Z(x.). 
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By Part (2) of Proposition 5.5.1 , there is a rank zero commuting triple of order k in L{k). 
It then follows from Lemma |5.1.5 there are exactly ip{k) conjugacy classes of commuting 
triples of rank zero in L{k). By Proposition ^.4.1 , the center of L{k) acts trivially on the 
space of conjugacy classes of commuting triples in L{k) or, in the notation of Corollary p. 3. 3| , 
the group acts trivially on the space of conjugacy classes of commuting triples in L{k). 



By Proposition 5.3.1 , the Weyl group of W{S{k),G) acts trivially on the set of conjugacy 
classes of rank zero commuting triples in L{k). Corollary |2.3.3| now implies that there 
are exactly ip{k) components of Tq of triples of order k, and each of these components is 
homeomorphic to 

(S{k) X S{k) X S{k))/W{S{k),G), 

proving the first sentence in Part (3) and Part (4) of the theorem. Let X be a component 
of Tg of order k. By Part (4), 



1 



dimX + 1 = dim5(A:) + 1. 



It follows directly from the definition of S{k) that dimS'(A;) + 1 is equal to the number of a 
such that k\ga- The second statement of Part (3) then follows from the first statement of 



Part (3) and Lemma 3.7.(: . 



□ 



The first four parts of Theorem 1.4.1 are contained in the statement of Theorem 5.5.7 



We shall prove the last item of Theorem 1.4.1 in Section IC 



Remark 5.5.8 Assume that G ^ L{k), in other words that the c-triple (x, y, z) has positive 
rank. We have defined S{k) to be S{k)/{S{k) n L{k)). Here S{k) n L{k) C CL{k), and 
is easily checked to be vrfc(Q^)/Q^^^^, where Q'^(j^) is the coroot lattice of L{k) and vr^ is 



orthogonal projection onto the real vector space spanned by Q^(^f.y Using this remark, it is 
not difficult to check that S{k) n L{k) = CL{k) except for the case where G is of type Dn 
for n > 4 and A; = 2, so that L{2) is of type D4. In this case, S{2) n L{2) has order 2. 



6 Some results on diagram automorphisms and associated 
root systems 

Let <I> be a reduced but not necessarily irreducible root system on the vector space t with 
a basis A a set of simple roots. Let A be the decomposition of t into alcoves determined 
by the set of affine walls W associated to <I>. Suppose that r is a group of affine isometries 
of t normalizing the alcove decomposition A. Suppose that Aq is an an alcove such that 
t{Aq) = Aq. After conjugating by an element of the affine Weyl group group, we can 
assume that Aq = A is the alcove associated to A. If $ is irreducible, then A is a simplex 
and every group r of affine isometries of A fixes the barycenter of A, which is an interior 
point of A. In general, the group r fixes the product of the barycenters of the factors of A. 
Let i be the associated group of linear isomorphisms of t and let be the fixed subspace 
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of L Clearly, the group i normalizes A and defines a group of diagram automorphisms of 
D(<I>). Conversely, every such group of diagram automorphisms leads to a group of affine 
automorphisms r as above. We denote by A/£ the quotient set. Note that H. acts on the 
set $ of all roots as well. 

The purpose of this section is to study the set of nonzero restrictions of elements of $ 
to t^. We show that this set forms a root system (^^^^{l) whose Weyl group is the Weyl 
group of in W , and explicitly identify the inverse coroots. There are two other closely 
related root systems with the same Weyl group which we also study. Related results, in a 
more general context, have been given in and [Q. 

6.1 A chamber structure and a Coxeter group on the fixed subspace 
Lemma 6.1.1 1. No wall WofW contains the fixed subspace V of t. 

2. If W is a wall ofW meeting , then the intersection = W r\V is a codimension- 
one affine subspace of . 

3. The walls divide V into compact convex subsets with nonempty interior. We 
denote this collection of subsets by . 

4- The elements of are exactly the subsets D A', where A' is an alcove of A such 
that t{A') = A'. 

Proof. Since contains an interior point of an alcove, no wall of W can contain t^. The 
second and third statements are now clear. As to the last, if A' is an alcove of A normalized 
by r, then A' D V contains an interior point of A' , and hence A' n t"^ is the closure of its 
interior in t"^. Clearly, A' Di'^ G A'^. Conversely, let B G A'^. Since B contains a non-empty 
open subset of t^, it contains a element of t — UvKeW This shows that B is contained 
in a unique alcove A' of A. Clearly, 5 = m A' and t{A') = A'. □ 

Lemma 6.1.2 Two elements of A have the same restriction to if and only if they lie in 
the same l-orbit. If a & A, then a\t^ / 0. 

Proof. Clearly, it suffices to establish this result in the case that $ is irreducible, so that 
^ is a simplex. Suppose that a,a' G A are in the same ^-orbit. Then their restrictions to 
are equal. Furthermore, the walls Wa and Wa' of A determined by a and a' are in the 
same r-orbit. This means that Wa n = Wa' H V. 

Since the restrictions of the walls of A to cut out a compact convex body, there must 
be at least dim(t'^) + 1 distinct and non-parallel walls. But this is exactly the cardinality 
oi A/i. Hence, it follows that distinct ^-orbits in A cut out distinct and non-parallel walls 
in t"^, and hence have distinct, nonempty restrictions to t^. □ 
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Note: it is not in general true that a general a G <^ has nonzero restriction to t^, or that, 
if two elements of $ have the same (nonzero) restriction to t^, then they lie in the same 
£-orbit. See for example Lemma 7.2. 1| below. 



Lemma 6.1.3 1. The group r normalizes the affine Weyl group WaK{^). 

2. The centralizer Zyi/_^jj($)(r) is equal to the normalizer ^w^f{{^)i^'^) of in Wafr(*^) 
and acts simply transitively on . 



Proof. Since r normalizes A, it normalizes the group generated by reflections in the 
walls of W, i.e., the affine Weyl group H^aff(^)- To establish (2), clearly ^^^^^(^^(t) C 
-^w^aff(*)(^^)- Conversely, suppose that g G A^vFaff($)(t^)- Then B = gA is an element of 
A meeting in an interior point. Thus for all f £ t, f~^gfA = B = gA. By Part 1, 
f~^gf G Wafr('l') and hence f~^gf = g. Since this is true for all / G r, 5 G Ziy^^^^^{t). 
The final statement is now clear since Waff(<I>) acts simply transitively on the set of all 
alcoves. □ 



Lemma 6.1.4 For each wall Wni^ there is an element of Z^^^g(^^^{T) which is a geometric 
reflection in this wall. The group Zy[/^jj($)(r) is generated by the reflections in the walls of 
any given element of A^ . Thus, Z^y^^i^^^^t) is an affine Coxeter group with fundamental 
domain B = Ar\V . 



Proof. The wall VFnt^ is a common wall between two alcoves Bi, B2 of A'^ . Let Ai, A2 be 
the r-invariant alcoves of A containing Bi,B2. Let g G Z\y^^^^){t) be the unique element 
carrying Ai to A2. Then <^ is a product of reflections about walls separating Ai and A2, 
and hence it is the identity on Ai D A2 and a fortiori on i?i n -62- Since Bi Ci B2 contains a 
nonempty open subset of W Df^ , g\V is an isometry fixing n t"^ and sending Bi to B2. 
It is then the reflection in Vl^ n f^. □ 



Proposition 6.1.5 Let ^ be a reduced root system on t and let t be a group of affine isome- 
trics oft normalizing the alcove decomposition associated to <I>. Suppose that r normalizes 
the alcove A. Then there is a point v £ B = AOV which is a vertex of the alcove decompo- 
sition A^ so that, using v to identify t"^ with t^, there is a uniquely determined reduced root 
system on whose alcove structure is A"^ . The affine Weyl group of ^'^ is Z^/^^^^-^{T). 
The root system is irreducible if ^ is irreducible. There is a set of extended simple roots 
A"^ for and a bijection l: A/£ ^ A"^ such that the restriction mapping A/^ — > (t^) sends 
a G A/i to a positive multiple of L{a) G A"^. 



Proof. We may assume that ^ is irreducible. By Lemma [6.1.4 , there is a Coxeter group 



with AnV as fundamental domain. By the general classification result for such Coxeter 
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groups [Q], it follows that this Coxeter group is isomorphic to the affine Weyl group of a 
(reduced) root system ^>'^. That is to say there is a linear structure on compatible with 
its given affine structure, such that under this identification the Coxeter group becomes the 
affine Weyl group of a root system. Of course this linear structure is determined by choosing 
a point 11 G t"^ to identify with t^. The point v must be a vertex of an alcove. In fact, 
we can choose it to be a vertex of the alcove Ar\i^ . When we do this, the restricted roots 
defining the walls of ^Ri^ become the set of extended simple roots. By Lemma ^.1.2 these 
roots are exactly the walls of the restrictions of the orbits A/£. The proof of Lemma 6.1.2 
shows that ^ n has dim t"^ + 1 walls. Hence A n is a simplex, so that <I>'^ is irreducible. 
The last statement follows since a root is determined up to a multiple by the wall it defines, 
and it is easy to see in this case that the multiple must be positive. □ 



Corollary 6.1.6 The Weyl group W{<^'^) is the group of isometries of generated by the 
reflections in {a}agA/£' 

As a first application to the study of c-pairs we have the following: 

Lemma 6.1.7 Let {x,y) be a c-pair in G. Then up to conjugation we can assume that 
X = expx, where x lies in the fixed set of the alcove A, and y £ Ng{T) is an element 
projecting to Wc G W{T, G) = W . 



Proof. By Corollary 4.2.5, we may assume that x is the image under the exponential 



mapping of a point x G and that y G Ng{T) projects to Wc in W . By Proposition 6.1.5 
applied to the affine automorphism ipc of Section |3.1| , there is a 7 G Wafr(G'), commuting 
with (/?c, such that 7 • x G A^. Let h G Ng{T) project to the element of W which is the 
linear part of 7. Then hxh^^, hyh~^ satisfy the conclusions of the lemma. □ 



Definition 6.1.8 A c-pair (x, y) is said to be in normal form (with respect to the maximal 
torus T and the alcove A) \i x £ T, x is the image under the exponential mapping of a 
point X £ A'^ and y G Ng{T) projects to Wc in W{T, G). By the above lemma, every c-pair 
is conjugate to one in normal form. 



6.2 The restricted root system and the projection root system 

In this subsection we keep the notation of Subsection |6.1| . Let D{^) be the extended diagram 
of The action of r permutes the connected components of D(^). If D is a connected 
component of D(^), then the stabilizer T£) acts as a group of diagram automorphisms of 
D. Moreover, given a G D, the r-orbit of a is a disjoint union of mutually perpendicular 
copies of the T£)-orbit of a. Likewise, t is an orthogonal direct sum of subspaces to indexed 
by the components of D{^), and is an orthogonal direct sum over the r-orbits of the set 
of components of D{^), of the fixed spaces t^^, where £d is the linear group corresponding 
to To- Thus, in the proofs that follow, we will be able to reduce to the case where <I> is 
irreducible. 
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Lemma 6.2.1 Let O he an orbit of i acting on A. Then exactly one of the following holds: 

1. O is a union of components D of D{^) of type An and the stabilizer tq of a component 
D of O acts transitively on D. In this case, if io is the subspace oft corresponding 
to a component D of O and is the linear group corresponding to the stabilizer r/j 
ofD in T, then ic^^ = {0}. 

2. For all a,b G O with a ^ b, a and b are orthogonal. In this case we say that O is a 
ordinary orbit. 

3. O = UjOi, where each Oi is of cardinality 2, say Oi = {ai,i,ai,2}- Furthermore, Oj^i 
and ai^2 have the same lengths and n(aj_i,aj^2) = ~1- Lastly, elements from distinct 
Oi are orthogonal. We say that O is an exceptional orbit and that each of the Oi is 
an exceptional pair. If moreover <I> is irreducible, not of type An and t is cyclic, then 
there is at most one exceptional orbit and, if it exists, it has exactly two elements. 

Proof. By the remarks before the statement of the lemma, it suffices to consider the 
case where ^> is irreducible. If <I> is of type An, then the corresponding group of diagram 
automorphisms is a cyclic group or a dihedral group and the lemma follows by inspection. 
Otherwise, is a connected, contractible diagram which is not a single orbit. Let 

D be the proper subdiagram of D{^) defined by O and suppose that D is a union of k 
connected subdiagrams -Dj. Then the Di are all isomorphic and the stabilizer of Di in i 
acts transitively on the nodes of Di. It follows that each Di is of type Ai or to A2. The 
first case corresponds to an ordinary orbit, the second to an exceptional orbit. The final 
statement of Case 3 follows easily from the Lefschetz fixed point formula. □ 

We remark that Case 1 above occurs if and only if r/j contains a rotation of order n + 1, 
or n + 1 = 2A; is even, r/j contains a rotation of order k, and an involution with no fixed 
points. 

Lemma 6.2.2 Let B = AOi^ . Let W be the wall of B corresponding to the orbit O Q A. 
Suppose that a G <I> and that the wall Wa D is equal to W . Then either iba £ O or O is 
exceptional and ita = 01+02 for an exceptional pair {01,02} in O. 

Proof. Choose a point x G B DW which is contained in no other wall. By Lemma [6.1.2 , 
the set of roots in A which take integral values on x is exactly O. By Lemma |3.1.1| , since 
X £ A, the set of roots o in $ such that a is integral on x is a root system with simple roots 
equal to C If O is ordinary, then this root system exactly is a product of root systems 
of type Ai and one of o, —a is contained in O. Otherwise O is exceptional and this root 
system is a product of root systems of type A2. Every root of this system, up to sign, is 
either in O or is the sum of an exceptional pair in C □ 
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Using the previous lemma and Weyl invariance, we can extend the description of the 
possible orbit types from the set of orbits of extended roots to all orbits. 

Corollary 6.2.3 Let a G <I> and suppose that a\i^ ^ 0. Let O he the orbit of a. Then either 
the elements of O are mutually orthogonal or O is a disjoint union of mutually orthogonal 
subsets Oi where each Oi = {01,1,0,^2} o,nd where Oj^i and aj^2 have the same length and 
n(ai, 02) = -1. 



Proof. Since a\i^ 7^ 0, the wall Wa corresponding to a meets in a hyperplane. Thus 
there is 5 G Zy/^^(^^-^{T) such that g-Wa defines a wall of B. Suppose that g-Wa corresponds 
to the orbit O' of simple roots. If w is the linear part of g, then w commutes with i and 



hence sends ^-orbits to ^-orbits. Then result now follows from Lemma 6.2.2. □ 



In the first case of the corollary, we call O ordinary and in the second case we call O 
exceptional and the subsets Oi exceptional pairs. 

For a € let a be the £-orbit of a. For a £ a|t^ is a linear form, depending only on 
the orbit o. Given an orbit a, let Ha be the number of elements of a. Define the restricted 
roots ^'^'^^(l) C (t^)* to be the set of nonzero linear maps of the form a\t^ for a G <I>. Note 
that distinct orbits may define the same restricted root, although this does not happen for 
orbits contained in A. 

For an orbit a in ^/i we define e(a) = 1 if a is ordinary and e(a) = 2 if a is exceptional. 
Now we define the coroots inverse to the elements of as follows: For each u £ ^'^^^{i) 

we choose a G <I> such that a\t^ = u and define the inverse coroot 



= e(a 



)E (8) 



a'Ga 



Claim 6.2.4 is independent of the choice of a £ ^ restricting to give u and = 
e{a)naTT{a^), where vr is orthogonal projection t t^. 



Proof. Elements a, 6 G $ restrict to give the same root in ^'^'^^[t) if and only if vr(a^) = 
7r(6^). Clearly, e(a) X]^;g^(a')^ is a positive real multiple of vr(a^) and by Corollary |6.2.3| 
(7r(a'^), e(a) ^^/g^(a')^) = 2. The proves the first statement. The second follows from the 
fact that 7r(aV) = (1/n^) Y.a'U^^'Y ■ □ 



Proposition 6.2.5 The set is a possibly nonreduced root system in t . It is ir- 

reducible if ^ is irreducible. For u G ^'^^^{i), the coroot inverse to u is as given in 
Equation^. The Weyl group of^^'^^{i) is equal to W{^'^). 
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We call $''^®(^) the restricted root system. 

Proof. Clearly the {a : a G $} span the dual space to and hence the roots of ^^^^{i) 
span this space. As we saw in the above claim, for any u G ^'^'^^{i) the inner product {u, u^) 
is 2. It is clear from the definitions that for u,v £ ^'^^^(i) we have {u,v^) G Z. Thus it 
suffices to show that, for all u, v G <I>'''^^(^), we have 

ru{v)=v- {v,u^)u G 

We fix a G resp. 6 G such that restriction of a, resp. b to is u, resp. v. Then 

fui^) = v — {v,u^)u = V — {v,e{a)^^{a')'^)u 

a' So 

= V - {b,e{a)^{a')^)u 

= (6-(6,e(a)^(a'n«)|t^ 

V a'ea / 

First assume that a is an ordinary orbit. Since o'|t^ = a\t^ for all a' & a and since 

e(a) = 1, we have 

ru{v)=(b-Y,{b,iar)a') 

Suppose that a = {ai, . . . ,a„} where the are pairwise distinct. Since the G a are 
mutually orthogonal, this last equation can be rewritten as 

ru{v) = o o • • • o ra„(b)\t^. 

(Notice that the commute, so that the composition is independent of the ordering.) 
Clearly, then, r„(t;) G ^''"^i). 

In case a is an exceptional orbit O = Oi with the Oi = {aj^i, 01^2} being exceptional 
pairs we have 

r^{v) = {b- 2(6, <i + <2)ai,i)|t' = {b - {b, ^ <i + al,){ai,, + a,,2))|t^ 

since Oj^i and ai^2 have the same restriction to £. In this case, Cj = Oj^i + ai^2 is a root and 
= a)^^ + since Oj^i, 0^,2 , and Cj have the same length. Thus 

ru{v) = o • • • o rct(6)|t^ 

(Here, the Cj are orthogonal, so that the order of the reflections is again irrevelant.) This 
proves that ru{v) G ^^'^^{i) in this case also. 

The walls in defined by the elements of $'^^^(£) are the same as the walls of viewed 
as linear hyperplanes. Thus, the Weyl groups are the same. Finally, if is irreducible, 
we cannot divide the set of walls for $^ into two nonempty, mutually orthogonal subsets. 
Thus the same is true for ^^^{£), and hence $''^^(^) is irreducible. □ 
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For a G $ such that a\t^ 7^ 0, the element 7r(a^) is given by the formula 
Define $P'-°j(£)v C by 

$P"j(^)V = {vr(a^):aG«>}-{0}. 

Clearly, 7r(a^) = if and only if a = as a linear form. 

We now define a second root system in as follows. Its coroots will be the set ^>P''°j(£)^. 
Given a G <^ such that 7r(a^) 7^ 0, we define the root inverse to vr(a'^) G ^p^J^^)^ to be 
e(a)naa|t^. As before, this is independent of the choice of a lift of 7r(a^) to a G . Let 
$P''°j(^) C be the set of all such elements. 

Dually to the above results, we have: 

Proposition 6.2.6 <I>p''°-'(^) is a possibly nonreduced root system in . It is irreducible if 
$ is irreducible. The coroot inverse to e{a)naa\t^ is 7r{a^). The coroot lattice of ^^"^"^{i) is 
7r((5^). The Weyl group 0/ ^p^J (£) is the same as that of W^^{t) and hence as that of ^'^ . 

We call <I>P''°j(£) the projection root system. 

The set of walls defined by $P''°j (i) is equal to the set of walls defined by ^'^^^ {£) , and 
thus the two systems have the same Weyl groups. In general, however, there is no one- 
to-one correspondence between <I>p''°J(£) and ^'^^^(i). Of course, if r = Id, then $p''°J(£) = 
(^rcs|-^-j _ ^YiQ other hand, there are examples where one of the systems is reduced 

and the other is non-reduced. Note however that the set A/i injects into both ^'^^(i) and 
<j)proj|-£^_ Moreover, if <I> is simply laced, we can say the following: 

Lemma 6.2.7 Suppose that $ is simply laced. Then, using the Weyl invariant inner prod- 
uct to identify t and t* , is the inverse system to ^^'^^{i). 

Proof. In case is simply laced, the inner product identifies a with and a\t^ with 
7r(a^) G t^. Thus the roots of ^^'^^{£) are identified with the coroots in <I>P''°j(^). □ 

6.3 Generalized Cartan matrices for <l>'°''(£) and <|)P™j(£)^ 

In this section we suppose that <I> is irreducible and reduced. We identify A/i with its 
image in and hence for a G A we write a both for an orbit in A and for an element of 
^^^(i). We denote by 7r(a'^) the element of $p™J(£)^ corresponding to a^, but continue to 
denote the corresponding orbit of A by o. 

Since A/i C are elements of the root system ^'^'^^{i), and since from Equation 
n{a,b) < for a ^ b, a,b G A/i, the numbers n(a,b) form a generalized Cartan matrix. 
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Two elements a and b are orthogonal if and only if their orbits span orthogonal subspaces of 
t. Since $ is irreducible, it follows that this generalized Cartan matrix is indecomposable. 

Let d = dimt^. Then the cardinalities of A/£ and of A"^ /£ are both d + 1. Since 
A./£, resp. A^/^, spans (t^)*, resp. t^, there is a single linear relation among its elements. 
We claim that the one relation has positive integral coefficients. The root integers ha only 
depend on the orbit a. Define ha = riaha for any choice of a G a. The relation X^^^^ haa = 
leads to a relation 

haa = 0, 

Similarly, the relation for the projection coroots is: 



a^) = 0, (9) 



where ga = n-aQa- Thus, the generalized Cartan matrices determined by n{a,b) and by 
n(7r(a^), 7r(6^)) are of affine type. It is not in general true that A/£, resp. A^/£ is an 



extended set of simple roots resp. coroots for ^^'^^{tj resp. cf. Proposition 7.2.4 . 

There are then a corresponding affine diagrams, which we denote by D{A/£) and 
D{A'^ /£). While these affine Dynkins diagrams will be different in general, the associ- 
ated Coxeter graphs will be the same. (Here the Coxeter graph of a generalized Dynkin 
diagram is obtained by keeping bonds and their multiplicities but forgetting the arrows.) 

Our goal now will be to work out explicitly the Cartan integers for the coroots <I)P''°J(^)^ 
inverse to the projection root system. We begin with a graph-theoretic lemma: 

Lemma 6.3.1 Let D he a finite tree, and let £ he a group of automorphisms of D. Ifvi and 
V2 are two vertices of D which are connected by an edge, then either Stab(i'i) C Stab(i'2) 
or Stab(u2) ^ Stab(fi). 



Proof. First we claim that there is fixed point for the action of £ on the topological space 
\D\ associated to D. The proof is by induction on the number of vertices. Clearly £ has a 
fixed point if there are 1 or 2 vertices. Otherwise, let D' C D he the subgraph obtained by 
deleting the leaves. Then D' is a nonempty contractible proper subgraph on which £ acts, 
so by induction there is a fixed point of the action of £ on D' and hence on D. 

Choose a point p fixed by £. If p is an interior point of an edge e whose boundary 
is {vi,V2}, then it is easy to see that Stab(t'i) = Stab(w2) is the set of g £ £ such that 
g\e = Id. Assume that we are not in this case. There is a unique path T in D joining p 
to vi. Possibly after switching vi and V2, we can assume that V2 does not lie on this path. 
Hence the unique path T' from p to f 2 is the union of T with the edge connecting vi and 
V2- If g £ £ fixes V2, then g(T') = V. Since g{p) = p, g\T' = Id. Thus g{vi) = vi. It follows 
that Stab(w2) ^ Stab(fi). □ 
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Proposition 6.3.2 Suppose that $ is not of type A„. Let Tr{a^),Tr{b'^) G $P™j(^)^, and 
Zei n(7r(a'^), 7r(6^)) be the corresponding Cartan integer. Then: 

1. If every element of a is orthogonal to every element ofb, then n(7r(a^), 7r(6^)) = 0. 

2. If there exist a E a and b E b such that and 6^ are not orthogonal, then either 
Stab(a^) C Stab(6^) or Stab(6^) C Stab(a^). //Stab(a^) C Stab(6^), then 

n(7r(a^),7r(6^)) = e(6)n(a^,6''). 

3. If there exist a Ea and b Eb such that and b^ are not orthogonal and Stab(6^) C 
Stab(a^), then 

n(7r(a^),7r(6^)) = e(6)-^n(a^, b''). 

Proof. Let a^, 6"^ G have the property that n(a^, &J) = for ah Oi and all bj € b. 
The two subspaccs of t spanned by the such that G a, rcsp. the 6j such that bj G b, are 
orthogonal, and hence 7T{a^) and '/r(6^) in are also orthogonal. Thus n(7r(a^), 7r(6^)) = 
and there is no bond between -7r{a^) and 7r(6^) in the affine diagram associated with the 
generalized Cartan matrix of these elements. 

Suppose that there exist a £ a and b £ b such that n{a^ ,b^) ^ 0. By the previous 
lemma, either Stab(a^) C Stab (6^) or Stab (6"^) C Stab(a'^). Since the root inverse to 7r(6^) 
is e(b)n^b\i^ we have 

n(7r(a^),7r(6^)) = (7r(a^), e(6)n^6) 

= e{b){i,{a^),Y.b') = e{b){a\Y.b') 

b'eb b'eb 

= e{b)^{a\b') = e{b)^n{a\{br). 
b'eb b'eb 

If Stab(a^) C Stab (6^), we see that 

Y,nia\ibr)=nia\b'^), 
b'eb 

and n(7r(a^), 7r(6^)) = e(6)n(a^, 6^) in this case. On the other hand if Stab(6^) C Stab(a^), 
then 

^nia\{br) = ^n{a\b^), 

- ria 
b'eb 

and thus 

— n— 

n(7r(a^),7r(6^)) = e(6)^n(a'', fe'^). 

ria 

□ 



58 



Similar results handle the case where $ is of type A^- 
Proposition 6.3.3 Suppose that <1> is of type An, and that ^ 0. Then the Cartan integers 



are given by the same formula as Proposition 6.3.i except in the case where ^ is of type 
A2k-i, ^ contains a rotation of order k and an involution fixing two vertices. In this case, 
the quotient coroot diagram is of type Ai . 

Proof. Since £ is dihedral, the stabilizer of an element has either one or two elements. The 
only case not covered by Proposition |6.3.2| is the case where there exist two non-orthogonal 
coroots a^ and such that Stab(a^) and Stab(6^) are both nontrivial. In this case, the 
product of the two nontrivial elements is a rotation which either has order n + 1, if n is 
even, or A; = (n + l)/2, if n is odd. In the first case, = {0}, and in the second case 
either = {0} or <I> is of type A2k-i, the rotation subgroup £' of £ has order exactly k, and 
there is an involution in £ fixing two vertices. In this case, = , and the quotient coroot 
diagram is of type Ai. □ 

Note that the affine diagrams associated to the Cartan integers we have calculated here 



agree with the diagrams given in Definition 1.6.1 in the introduction 



Next we relate the Weyl groups of these roots systems to W{t , G). 

Proposition 6.3.4 Let ^ be a reduced root system with r and I as above. Suppose that, 
for every component D of D{^) which is of type An, the stabilizer £d in £ of D is either 
trivial or is not a cyclic group of rotations of D. Then the Weyl group W{i^ , G) is identified 
with the Weyl group of ^^^^{£) or equivalently with the Weyl group o/ <I>P''°j (£) . 

Proof. It suffices to consider the case when $ is irreducible. Clearly, the result holds if 
£ is the trivial group. Thus, we assume that £ ^ Id. We have seen that we can realize the 
elements of the Weyl group of ^'^°^{£) or of as elements of the Weyl group W{^) 

normalizing t^. Thus there is a homomorphism from the Weyl group of ^^'^^{£) to M^(t^, G), 
and since the Weyl group of ^'^'^'^{£) acts faithfully on t^, this homomorphism is injective. 
We must show that its image is all of W{t^, G). 

Given w G VF(t^,G), represent w by an element of which normalizes t^. Since w 

permutes the set {a} of restricted roots and preserves the inner product on t^, it defines 
an automorphism of the root system ^^^°^{£). We claim that <I>P''°J(^) is either non-simply 
laced or Ai. Assuming this, since every automorphism of a root system which is either 
non-simply laced or Ai is given by a Weyl element, it follows that w is given by an element 
of the Weyl group of $P™j(£), or equivalently of 

Note that that ^p'^°^(£) is non-simply laced if there is an exceptional orbit. Thus we 
may assume that there are no exceptional orbits. First assume that $ is not of An type. In 
particular, the numbers n-a cannot all be equal since the diagram D{^) is contractible. In 
particular there must exist two coroots ,b'^ G Z)^(<I>) which are not orthogonal and such 
that n-a 7^ n^. If $ is simply laced, it follows from Proposition |6.3.2 that n(7r(a^), 7r(6^)) ^ 
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n{TT{b'^),'iT{a^)), and hence that $p'"°J(£) is not simply laced. If $ is not simply laced, 
is a short coroot, and b"^ is a long coroot, it is easy to see that Stab(a^) C Stab(6^), and 
thus that n-a > rij^. Thus n(7r(a^), 7r(6^)) = n(a^,6^), and 

n(7r(6^),7r(a^)) > n(6^,a^) > n(a^,6^). 

Thus is non-simply laced in this case also. 

Direct inspection then handles the case where ^ is of type and i is not cyclic. □ 



In the next section we will prove a related result (Proposition 3.3.4 ) which also covers 
the remaining case when <!• has a component of type An whose stabilizer is a group of 
rotations. 



6.4 The case of an outer automorphism 



For future reference, we want to work out the results of Subsections 6T and 6^ in the 
case where t = i. In this case, r is induced from a group of diagram automorphisms of the 
Dynkin diagram of G. Hence r acts on the extended diagram, fixing the extended root. 
The results described here are due, for the most part, to deSiebenthal |17]. Notice that if 
r 7^ Id and <^ is irreducible, there are very few possibilities: $ is simply laced and is of type 
An, Dn, Eq if T has order 2, and is of type if r has order 3 or 6. 



Lemma 6.4.1 In the above notation, assuming that t is a group of linear transformations 
oft, 

1. For every a S a = a\i'^ is nonzero. 

2. There is a one-to-one correspondence between ^'^^^{t) and the set of orbits ^/t. 

3. The subset A/r of ^^^^{t) is a set of simple roots. 

4- The highest root for the irreducible factors of <I>^'^^(r) corresponding to the above set 
of simple roots are the images d, where d is the highest root of an irreducible factor 
o/cD. 

5. The root integer for ^^°^{t) corresponding to a, for a £ A, is the integer n-aha- 

6. $'''^^(t) is reduced if and only if there are no exceptional orbits. In this case $'''^^(r) = 
^>^. 

7. ^'^'^^{t) is not reduced if and only if $ has an irreducible factor of type A2k and the 
stabilizer of this component in r is non-trivial. In this case, is the subsystem of 
^rcs^^-j Qonsisting of the roots a such that 2a is not a root. The set of indivisible roots 
in ^'^^^[t) is also a root system, and A/r is also a set of simple roots for this root 
system. 
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Proof. (1) follows since t"^ contains a regular element. 

To see (2), note that, if a and a' G $ are such that a|r = a'|r, then Wafir = nr. 
By Lemma |6.2.2 , this can only happen if a and ita' lie in the same orbit or a lies in an 



exceptional orbit and ±0' = o + r(o). In this case a'\\^ = ±2011"^. Thus, if a\V = a'\i^ and 
a and a' do not lie in the same orbit, then ka\V = for some /c > 0. This contradicts (1). 
Moreover, it follows that <l>'''^'^(r) is reduced if and only if there are no exceptional orbits. 

It suffices to prove (3), (4), (5), (6), and (7) under the assumption that "I? is irreducible. 
To see (3), (4), and (5), note that every positive root h can be written as a positive integral 
linear combination X^aeA '^a^- Thus b = X^^^anaa, and similarly for negative roots. Since 
the cardinality of A/r is the dimension of t"^, it follows that the a are linearly independent 
and hence a set of simple roots for $'''^^(r). Taking b = d, we see that the coefficients of 
b, in terms of the simple roots, are at most those of d, and hence d is a highest root for 
^^'^^{t). Hence the root integers are as claimed. To see (6), since d is the highest root 
for ^^"^^{t), it follows that the alcove for is the alcove for ^^'^^(t). Thus if ^^"^^(t) is 
reduced we must have $''°'^(r) = If $''^**(r) is not reduced, it is easy to see that the root 
system associated to the alcove is exactly the set of roots a such that 2a is not a root. The 
remaining statement in (7) follows by a direct inspection. □ 

Next we determine the Weyl group and the coroot lattice. 

Lemma 6.4.2 If t is a group of linear transformations of i, 

1. = VF($P™j(T)) = W{^^) = Zw{t), the subgroup of elements of W which 
commute with r. 

2. The coroot lattice for = ^>^^"(r) is {Q'^Y = n T. 

3. The coroot lattice for $P™j(T) is 7r(Q'^). 



Proof. Clearly Zv/{t) normalizes t^, and since contains a regular element, the action 
of Zw{t) on r is faithful. Thus Zw{t) C G). Conversely, if u; G l^(r, G), choose a 

regular element x G t"^. Then, for all g ^ t, w{x) = g{w{x)) = g{w{g~'^{x))). Thus since x 
is regular w = g o w o g~^ for all g £ t, so that w G Zw{t). 

To see (2), the coroot lattice for <I>'^ = ^'^'^^{t) is spanned by elements of the form 
e(a) X^ftGa^^- is ordinary, this is just 'Ylib^n^'^ 1 ^"^^ ^^'^ exceptional, corresponding to 
the pair Hil'^i,!' '^*,2}, then a^^ + 0^3 is again in the coroot lattice and the corresponding 
orbit sum is a^^i + 0^(2 ■ Thus the coroot lattice is generated by orbit sums. Since r 
permutes an integral basis for Q^, the coroot orbits generate {Q'^Y ■ 

Finally, it follows from the definition that the coroot lattice for <I>P''°-'(r) is t:{QY). □ 



Using Proposition S.3.2 and Lemma S.2.7, we see that, in case $ is irreducible and r is 



nontrivial, ^'''^'^(t) is given as follows: 

• If $ is of type ^2n-2, n > 1, then (r) is of type BCn- 
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• If $ is of type A2n-i, n > 1, then $'^^^(r) is of type C„. 

• If $ is of type -Dn+ij 'n> 3, and r has order 2 then $''^®(r) is of type 

• If <I> is of type D4, and r has order 3, then $''*^''(t) is of type G2. 

• If $ is of type Eq, then ^'^^^{t) is of type F4. 

7 The torus 5"' and the Weyl group Vr(5^S G) 

We apply the results of the previous section to describe the quotient torus S^'^ and the 
Weyl group W{S'^'^,G) in terms of the original root system ^{G) on T and the group C. 

7.1 Further results under an additional hypothesis 

In this subsection, we keep the conventions of the previous section, so that $ is reduced 
but not necessarily irreducible and we make one further assumption on the group r: 

Assumption 7.1.1 The fixed subspace of the linearization £ of t is written as the in- 
tersection of the kernels of a subset of the roots of ^. 

Let be the subset of <I> consisting of roots vanishing on t^. Let u be the subspace 
spanned by the coroots inverse to the roots in Then is a root system on u. The 
above assumption on implies that u© = t. Let 7r:t — denote orthogonal projection. 

Lemma 7.1.2 The intersection Du is the barycenter of an alcove for 

Proof. Let xq = V H u. We claim that no root of is integral on xq and hence xq is 
in the interior of an alcove C u of the root system In fact, if a G is integral on 
Xq, then a is a root of $ which vanishes on and hence is integral on {xq} + 1^ = C But 
this contradicts our assumption that contains an interior point of an alcove for The 
group T normalizes u and the alcove structure for the root system The point xq is the 
unique fixed point for r|u and is in the interior of B. Thus xq is the barycenter of B. □ 

Proposition 7.1.3 The Weyl group W{t^,G) is identified with the Weyl group of ^'^ . 

Proof. Let g G Ziy^^^^jlr). Then its differential is an element of the Weyl group of $ 
which normalizes t^. The elements of the Weyl group of are exactly the restrictions to 
of the differentials of elements g G Z^y^^jj($)(r). This proves that the Weyl group of is 
identified with a subgroup of I^(t^, G). 

Let g G N^/(^^■^{t^). Then g normalizes u and the alcove decomposition of u for 
As such, setting xq = V H u, the point g ■ xq is the barycenter of some alcove for this 
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alcove decomposition. Thus, there is an element h of the affine Weyl group Wafr (<&"'") 
with h ■ xq = g ■ xq. Then h~^g{xo) = xq. Let w G W{^-^) be the Weyl part of h. Since 
w\t^ = Id, the element w~^g normalizes t^. Hence, h~^g normalizes {xo}+i^ = and hence 
by Lemma 6.1.3| is an element of Z|y_^g($)(r). Thus, the restriction to of its differential is 
an element of the Weyl group of . The element h, and consequently also its differential, 
centralize t^. Thus, the restriction to of the differential of h~^g agrees with that of g. 
This proves that the Weyl group of is all of W{t^,G). □ 



Remark 7.1.4 Unlike the case of a group of linear automorphisms, it is not in general 
true that W{t^,G) is equal to Z\y{£), the set of w W which commute with i. However, 
there is a surjection from Zw{i) to W{t^,G), and in fact Z\y{£) = / x W{t^,G) for an 
appropriate subgroup / of Zw{(-)- 

Proposition 7.1.3| gives an extension of Proposition 6.3.4 to the case of an arbitrary 
group r: 

Proposition 7.1.5 Let ^ be a reduced but not necessarily irreducible root system on t. 
Suppose that t is a group of affine isometrics normalizing an alcove of Then the Weyl 
group of W{t^) is identified with the Weyl group of $''^'^(^) or equivalently with the Weyl 
group o/$P^°j(^). 



Proof. Clearly, we may assume that <I> is irreducible. The only irreducible case not covered 
by Proposition |6.3.4 is when <I> is of type An and £ is a group of rotations of the extended 



Dynkin diagram. We choose a representation of ^ on the subspace {(xi, . . . , ^ Xi 

0} in R""*"^ such that the set of simple roots is {ej — ej+i}. Suppose that £ is a group of 
order m and let k = {n + l)/m. Then is the intersection of the kernels of the roots 



Ci — ei+k- Hence, this case is covered by Proposition |7.1.3| . □ 
Next we describe the coroot lattice of <I>'^. 

Proposition 7.1.6 The coroot lattice of the affine Weyl group associated to is identified 
with 7r(Q^($)). 



Proof. We decompose t = u © and let xq = uCi . Suppose that g £ Ziy^^(^){t) and 
that gli^ is translation by an element 72 G t^. We write 

5(01,02) = (wai +71,6 + 72) 

for w in the Weyl group of Since g G Wiig{^), 71 + 72 G Q'^{^), and hence 72 G 

Conversely, if 72 G 7r((5^(<I>), write 7 = 71 + 72 for some 7 G Q'^{^), with 71 G u. 
Clearly, 71 is contained in the center of the root system and hence xq + 71 is the 
barycenter of an alcove for This means that there is an element h G Wi^g{^^) such 
that h{x() + 71) = Xq. The composition of translation by 7 followed by h is an element of 
■^VKaft {*)(''") whose restriction to is translation by 72. □ 
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7.2 The case of a subgroup of CG 

We return now to the case where $ = ^{T,G) is the root system associated to a simply 
connected group G. 

Lemma 7.2.1 LetC C CG be a subgroup, and letr be the group of affine automorphisms of 
t normalizing A determined by the action of C on the alcove. Then r satisfies the hypothesis 
of Assumption \7. 1 . \ 



Proof. By Proposition 3.4.4, for each c G C, the fixed point subspace t"''^ is conjugate 



under the Weyl group to ic- Since tc satisfies the hypothesis of Assumption 7.1.1, so does 



t"'''. Since wq is the linearization of r, and t"""^ = HcgC ^^"^ lemma follows. □ 

Proposition 7.2.2 The root system is identified with the subroot system of ^^^°^{wc) 
consisting of all roots whose inverse coroots are indivisible elements of ^^'^"^ (wc)"^ . 



Proof. By Proposition |7.1.6| and Proposition 6.2.6| , and $P™-'(t(;c) have the same 



coroot lattices. By Proposition |6.2.6 , their Weyl groups are the same. Now there is the 



following general lemma on two root systems with the same coroot lattice: 

Lemma 7.2.3 Let $1 and ^2 be two root systems on a vector space V , and suppose that 
is reduced. Suppose that the coroot lattice Q^{^i) is equal to the coroot lattice Q^{^2) o,nd 
that l^(<I>i) = W{(^2)- Then <I>i is the set of all non-multipliable roots in ^2- In particular, 
if ^2 is reduced, then = ^2- 

Proof. Let ^2 be the subroot system of $2 consisting of the non-multipliable roots. 
Then (^^^^ is the sub-coroot system of $2 consisting of all indivisible coroots in $2- 
particular, the coroot lattice of $2 is equal to that of $2- Of course, $2 and $2 have the 
same Weyl group. Thus, it suffices to assume that <I>2 is reduced. 

Let Q"^ = Q'^i^i) = Q'^{^2)- For each a G ^>i, is an indivisible element of Q^. Since 
reflection in the wall defined by a is an element of = W{^2), there exists a b £ ^2 

such that a"^ = rb"^ for some real number r. But 6^ G is also indivisible, so that r = ±1. 
Thus <l>^ C <I)^. By symmetry ^2 '^^i-' ^^"^ hence = <i)^. □ 

Applying the lemma to $1 = and $2 = ^^^"^{wc) completes the proof of Proposi- 
tion |7.2.2| . □ 



Proposition 7.2.4 Suppose that <I> is irreducible. Orthogonal projection induces an em- 
bedding in . Its image is a set of coroots inverse to an extended set of simple roots 
either for ^^^°^{wc) or for the subroot system consisting of all non-multipliable roots of 
$P™j(w;c)- 
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Proof. We have an identification of with the non-multiphable roots of ^^^"^{wc)- We 
also know by Proposition 3.1.5 that, up to positive multiples, the image under orthogonal 
projection of forms the set of coroots inverse to an extended set of simple coroots for 
If <I>P'"°-'(r(;c) is reduced, then it is equal to and its coroots are indivisible elements 
in the coroot lattice. Thus, as before, the multiples are all +1 and the image of under 
orthogonal projection forms the set of coroots inverse to an extended set of simple roots 
for $P™j('u;c). 

If $P''°J(tt;c) is not reduced, then it is of type BCn for some n > 1 and is the subsystem 
of type Cn- In the extended set of simple coroots for all but two are neither divisible 
nor multipliable in ^'^'^"^{wc) and the last two are multipliable by 2 in $p™-'(i(;c). Thus, the 
image of A^ contains all the former coroots and, for each of the latter two, contains either 
the coroot in or twice it. A priori there are three possibilities: (i) A^ is equal to the 
extended set of coroots for ^'^ (i.e. consists of indivisible coroots); (ii) A^ is equal to the 
extended set of coroots for ^^^"^(wc) (i.e., contains one indivisible but multipliable coroot 
and one non- multipliable but divisible coroot); or (iii) contains two non- multipliable but 
divisible coroots. In case (iii) the lattice spanned by A^ is of index two in the coroot lattice 
of ^P^J (wc) and hence this case is ruled out by Proposition [7.1.6 . Since by Proposition |7.2.2 

is the subroot system of ^"^^"^(wc) consisting of the non-multipliable roots, cases (i) and 
(ii) are exactly the two cases listed in the statement of the proposition. □ 



Definition 7.2.5 We define ^{wc) to be the subroot system of ^'^'^°^{wc) such that the 
image of A^ in t'"'^ is an extended set of simple coroots. By the previous proposition, 
^{wc) is either $p'^°J(u;c) or the subroot system consisting of all non-multipliable roots of 
$P™j(?x;c). 

Corollary 7.2.6 There is a positive integer no such that, for all a G Ac, (fe is equal to no 
times the coroot integer nria for the extended simple root of ^{wc) corresponding to a. 

Proof. By Equation ^ in Section |6.3| , X^^^^^ ga^^io^) = 0. On the other hand, by 
definition X^aeAc ~ 0' ^"^^ ^'^^ relatively prime integers. Thus the corollary 

is clear. □ 



7.3 Proof of Theorem 1.6.2 



Let C be a subgroup of CG and let r be the corresponding group of affine isometries. By 
Lemma [7.2.l| , r satisfies Assumption [7.1.l| . Thus, the results of this section apply to r. By 
Proposition |7.2.^ , vr embeds A^ as an extended set of simple coroots for either the root 
system ^>p''°-'(u;c) or for the subroot system of nonmultipliable roots in ^'^^°^{wc). In either 
case, we let <^{wc) be the corresponding root system. The Weyl group of ^{wq) is the 
same as the Weyl group of $p''°-'(u)c), and by Proposition [7.1.3| , this is W{S'^^,G). The 
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coroot lattice of ^{wc) is the lattice generated by the indivisible coroots in (wc)'^ , 
which is is the coroot lattice of <I>p''°J (wc ) . By Proposition 6.2.6, the coroot lattice of 
(^proj^^^-j jg ^^Q\/y gy Proposition 5.3.2| , the Cartan matrix associated to agrees with 

the Cartan matrix associated to as given in Definition 1.6.1 . This completes the proof 



of Theorem 1.6.2 



8 The fixed subgroup of an automorphism 

Our main goal in this section is to describe the centralizer of a c-pair in G, and in partic- 
ular its Lie algebra and group of components. In order to do so, it will be convenient to 
study more generally the fixed subgroups of certain automorphisms of compact, connected 
groups. In particular, we shall see how the fixed subgroup changes as we vary the given au- 
tomorphism by composing with an inner automorphism. The fixed subgroup is completely 
described by its Lie algebra, its component group, and the fundamental group of the iden- 
tity component. We shall give a complete description of the Lie algebra and component 
group of the fixed subgroup. It is also straightforward to describe the fundamental group of 
its identity component, or of the derived subgroup of the identity component, but we shall 
not do this here. Many of the results of the first part of this section, stated in a somewhar 
different language, can be found in [|^. 

In this section H will always denote a compact, connected group with maximal torus 
T and Lie algebra f). For h £ H we denote by ih the inner automorphism of H given by 
conjugating by h. Let be the set of roots of H with respect to T. We denote by t the 
Lie algebra of T and by t) the subspace spanned by the coroots inverse to the roots in ^h- 
Then is a root system on t). Furthermore, there is a direct sum decomposition of t into 
© 3 where 3 is the center of f). Let Ah be a set of simple roots for ^h, and let ^ C O be 
the alcove determined by Ah- We denote by C t the coroots inverse to the roots Ah- 
Let A C t be the fundamental group of T and let C A be the coroot lattice of i.e., 
the lattice with basis A)^. The fundamental group of H is A/Q^- 

The following lemma is straightforward and its proof is omitted. 

Lemma 8.0.1 Suppose that a: H ^ H is an automorphism. Then there exists an inner 
automorphism ih such that, setting a' = i^o a, we have: 

1. The fixed subgroup of a' is conjugate to the fixed subgroup of a. 

2. The automorphism a' normalizes T and the automorphism induced by a on d normal- 
izes A. In particular, 1)°" contains an interior point of A. Such a point exponentiates 
to a regular element ofT- 

3- If a" is another automorphism normalizing T and A which has the same image in the 
outer automorphism group of H as a, then there is an inner automorphism it with 
t eT such that a" = ito a' . 
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4- For t £ T, the fixed subgroup of a" = it o a' only depends on the image of t in 
r/(Id-a)(T). 

Definition 8.0.2 An automorphism a which normaUzes T and the alcove A is said to be 
in normal form with respect to T and A. 

By the previous lemma, it suffices to study automorphisms in normal form. 

Let a be an automorphism in normal form such that tlic restriction of a to the center 
of H has finite order. We shall always make this assumption in what follows. Since a 
normalizes A, it normalizes Ah and A^. It follows that the restriction of a to t preserves 
the decomposition t = D © 3 and that this restriction is of finite order. Hence, we can fix 
an inner product on t which is invariant both under the Weyl group of H and under a and 
such that d and 3 are orthogonal. 

We let Aij/(cr), resp. Afj/{a), denote the set of cr-orbits of Ah, resp. A)^. The orbit 
of a G Ah is denoted a. All aj in a have the same restriction to f^. Thus, we can view a 
as an element of (t^)*. For each a G A///(cr) we denote by na the cardinality of the orbit 
a C Ah. 

8.1 Some general facts about group cohomology 

If J is an abelian group, let Tor J be the torsion subgroup of J. Let a be an automorphism 
of J. Denote by J°' the subgroup of invariants 

J*^ = {a G J : a{a) = a}, 

and by Jo- be the group of coinvariants 

Ja = J/Im(Id - a) J. 

It is the largest quotient of J on which a acts trivially. Suppose that J = t is a vector space 
with a (T-invariant inner product, and that A is a sublattice of t such that cr(A) = A. The 
inner product on t identifies to- with via orthogonal projection vr: t ^ f^. The projection 
TT induces a map from A to and hence factors through A„. By comparing ranks, one 
checks that this sets up an isomorphism from Ao./Tor(Ao) to 7r(A). In particular, suppose 
that a acts as a permutation representation on a Z-basis of A. In this case Tor(Ao.) = 
and vr induces an isomorphism from Ao- to vr(A). 

Suppose that we have an exact sequence of groups 

such that a acts on all of the groups J', J, J" and the homomorphisms are cr-equi variant. 
Then there is an associated long exact sequence 

^ {j'f {j"Y ^ {j% ^ J, ^ ^ 0. 
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Here the homomorphism {J"Y ~^ {J')(t is defined as follows: given ^ G {J"Y ^ lift a to an 
element ^ £ J. Since a{^) — ^ projects to in J" , (t(^) — ^ € J', and its image in (J')o- is 
independent of the choice of the lift of ^. This defines the connecting homomorphism. We 
note that, if J and J" are not assumed to be abelian but J' is central in J, then there is 
still an exact sequence 

^ (jy {J"Y ^ - H\J, (a)) ^ H^J", (a)), 

where H^{J, {a)) and H^{J" , {a)) are no longer groups in general but only pointed sets, 
and the connecting homomorphism is similarly defined. 
As a first application, we have the following: 

Lemma 8.1.1 Suppose that a is an automorphism of H in normal form. Then the com- 
ponent group 7ro(r°") is naturally isomorphic to Tor(A(j). In particular, if H is simply con- 
nected, then T°" is connected. The fundamental group of the identity component {T'^Y — 5"^ 
is A'^ . Finally, the coinvariant torus T^ is connected, and in fact T^ = t'^/7r(A), where 
vr: t ^ is orthogonal projection. 

Proof. Consider the exact sequence 

O^A^t^T^O. 

Taking the associated long exact cohomology sequence gives 

^ A"" ^ r ^ T'^ ^ A^ ^ ^ ^ 0. 

By the remarks above, to- = and under this identification the image of A^- is identified 
with 7r(A). Thus the kernel of the map A^- is exactly the torsion subgroup. Since 

t'^/A'^ is connected, it follows that 7ro(T'^) = Tor(Ao-). If H is simply connected, then 
A = and a acts as a permutation of the set of simple roots {a"^}. Thus Tor(Ao-) = 0. 
The remaining statements are clear. □ 

8.2 The root system on 

Let a be an automorphism of H in normal form. Orthogonal projection vr: t — > P induces a 
map Ao- ^ f^. Since A)^ is a u-invariant basis of it follows that A^/((t) is a basis for 0°". 
Since a permutes a basis for Q)^, it follows that (Q^)ct is torsion free and that vr induces 
an isomorphism from ((5^)o- to a lattice of maximal rank in t)"^. 

The automorphism a generates a cyclic subgroup of linear automorphisms of t) which 
satisfies the hypotheses of Section |6.l| and contains no rotation in case has a factor 
of type An. There are the corresponding resticted and projection root systems, which we 
shall just denote in this context by $^'^((t) and <I>^°''((t). In particular, A^/((t) is a set 
of simple coroots for <I>^°-'((t)^, and the coroot lattice for $^°-'((t) is the lattice (Q^)o- 
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spanned by {vr(a^)}agAH/(o-) • The root inverse to vr(a^) is e{a)naa\t^ . Let B C d'^ he the 
alcove determined by this set of simple roots. We denote by C<I>^°''(cr) the quotient of the 
dual of the root lattice of $^°''((t) by the coroot lattice ((5)j)cr. It is identified with a finite 
subgroup of t)'^/((5^)(T. 

Applying Subsection there is an affine action of C^^"^ (a) on normalizing B Cd^ . 
We extend this action to one on all of by letting C^^°\a) act trivially on 3°^. 

8.3 The action of 7To{H^) on 

We continue to assume that a is an automorphism of H in normal form. Let = (T^)^ 
be the image under the exponential mapping of P. 

Lemma 8.3.1 The torus S"^ is a maximal torus for H'^ . The set of roots of H'^ with respect 
to is a sub-root system of ^^^^{a). 



Proof. First we claim that, if X G Lie{H'^) (E>rC is fixed by the action of , then X G t°". 
Since Lie{H°') C f), it clearly suffices to show that, if X G f) (giR, C is fixed by S^, then 
X G t^R, C. The action of S'^ on f) (giR, C normalizes the root spaces of f). The action of S"^ 



on a root space ()" is given by the character a\S'^. By Lemma 8.0.1, S"^ contains a regular 
element of H. Thus, none of these characters is trivial. Hence, if X is fixed by 5"^, then 
X G t(8>R C. It follows that the fixed subspace of the action of S"^ on i) is t, and hence that 
the fixed subspace of the action of S'^ on [)°" is P. Thus S"^ is a maximal torus of H"^. Also, 
the roots for the S"^-action on Liie{H'^) (8)r C are given by restrictions of roots of to S"^ 
and so are elements of <I>^^((t). Hence the roots for H"^ with respect to form a subset 
of ^^^^{a). To see that they are a sub-root system, in other words that the corresponding 
coroots are the same, it is enough to show that the inner product on d'^ induced by the 
Weyl invariant inner product on t is invariant under the Weyl group of {H'^)^. Since S"^ 
contains a regular element of T, every element in the Weyl group of (H'^)^ is the restriction 
of a Weyl element of H, and thus the last statement is clear. □ 

There is a natural map from {Nh{T)Y to the Weyl group W{T,H). The kernel of this 
map is {NniT))'^ CiT = T^ . We denote its image by N{a). This group is contained in the 
subgroup Zw{a) of W{T, H) = W consisting of elements commuting with a. Note further 
that N(^fj,T-jo{S^) CiT = S'^, since conjugation by T acts trivially on S'^ and the Weyl group 
WiS"", acts faithfully on S". Likewise, N{a) acts faithfully on since 5^" contains 

a regular element. 

Lemma 8.3.2 Every component of H'^ contains an element normalizing . If g and g' 
are in the same component of H'^ and normalize , then there exists a w £ W{S'^, {H'^)^) 
such that g'lt" = wo {glf"). 



Proof. Let g G H'^. Then gS'^g ^ is a maximal torus of H"^ and hence there is /i G (H^)^ 
such that {gh)S'^ (gh)^^ = S'^ . Clearly, gh G Nh{S'^) and gh and g lie in the same 
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component of H'^ . If g and g' are in the same component of H'^ and both normahze f^, 
then g'g^^ G (H^)^ and normahzes t°". Thus g'g'^li"^ = w for some w £ W{S'^, {H'^)^). □ 



Lemma 8.3.3 The map Nh{TY noiH") induced by the inclusion Nh{TY C fac- 
tors to give an isomorphism 

NH{Tr/N^H^)o{Sn = MHn- 



Proof. The induced map Nh{TY to 'Kq{H'^) is surjective by Lemma 8.3.2. Its kernel 
is Nh{TY n {H'^Y . Any element in this intersection normalizes T and its action on T 
commutes with a. Thus, it also normalizes 5*^. Conversely, since 5"°^ contains a regular 
element of T, any element of {H"Y normalizing normalizes T. □ 



Lemma 8.3.4 There is an exact sequence 

{1} ^ - Nh{TY /N^uM^n ^N{a)/W{S%{Hn^) ^ {!}. 

Proof. By definition, there is an exact sequence 

{1} ^ Nh{TY ^ N{a) ^ {!}. 

Now N(^fjcTy) {S") is a normal subgroup of Nh(TY, and the image of N^^fj^-^o (S"^) in W{T, H) 
is W{S^ , (H^Y)- Thus N{a) contains W{S'^ , (H'^Y) as a normal subgroup, and there is a 
surjection 

NH{TY/N^Hno{Sn^N{a)/W{S'',{H'^Y)- 
By a diagram chase, the kernel of this map is then 

T^/Nf^Ha^oiS") n T = T^/S" = MT"). 

This establishes the exact sequence of the statement. □ 



Corollary 8.3.5 There is an exact sequence 

{1} ^ - ^ N{a)/W{SY (H'^f) - {!}. 

In the case of an inner automorphism, this result is due to Steinberg |18]. 
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8.4 Special automorphisms 



Lemma 8.4.1 Let a: H ^ H he an automorphism in normal form. There is an element 
s £ S'^ such that setting ai = ig o cr, the set A///(cr) is a set of simple roots for H^^ with 
respect to the maximal torus = S"^ . 



Proof. Since A// is an linearly independent subset of t* invariant under o", the quotient 
set Ah/{(t) is a linearly independent subset of (f^)*. For each a G A^/((t), order a = 
{ai, . . . , On^} so that a ■ Oi = aj+i, 1 < i < ^^a (by convention flna+i = ^i)- Then the action 
of (T on [) (g)R, C sends the root space f)'^' to Hence, a"" sends to itself for every i. 

This means that there is qa^ S U{1) such that a'^°^\i)^'- is multiplication by qa^ on each root 
space f}"'. By equivariance under a, we see that qa- = qa for all 1 < "ijj < n-a- We denote 
this common value by q-a- Choose an element £ such that /u^" = q-a- Since the 

elements of Ajy/(cr) are linearly independent in (f^)*, it follows that there is an element 
s £ S'^ such that = ^^"^ for every a £ I. 

We set 0"! = sa. By construction, if a = {oi, . . . , a„_}, then ct"°| 0^ f)"* is the identity. 
Choose a non-zero element E f)*^. Set 

= X, + aiX, + • • • + a'l^-'Xa. 

Then Xa is a non-zero element of P)(8)p{,C invariant under cji, and hence Xa G Lie(-ff'^i)(8'RC. 
Moreover, for all s G S''^, Ad(s)Xa = a{s)Xa. Thus, each a G A///(cj) is a root of with 
respect to S"^. Since every root of H'^^ is the restriction of a root of H to S"^ and since A/^ 
is a set of simple roots for H, it follows that every root of H°'^ can be written uniquely as a 
linear combination of the elements in Aj^/((t) and the coefficients of this linear combination 
are either all positive integers or all negative integers. Consequently, Ah / (cr) is a set of 
simple roots of H'^^ with respect to 5"^. □ 



Definition 8.4.2 An automorphism cji in normal form which satisfies the conclusions of 
the previous lemma is called a special automorphism. 



Proposition 8.4.3 Let ai be a special automorphism. Then the roots of H"^ are the 

indivisible roots in ^'^ff (ui ) . In particular, the Weyl group of H^^ with respect to S"^^ is 
equal to the Weyl group o/$^'^((Ti), namely Zw{ai). 



Proof. According to Lemma 6.4.1 , the indivisible roots of <^^^(fTi) form a reduced root 
system with Ah/{o'i) a set of simple roots. By Lemma g.4.1| , A///((Ti) is also a set of 
simple roots for $(S"^S (F'^i)°). Since the latter is also a reduced root system, the two root 
systems agree. By Lemma 6.4.2| and Proposition 3.3.4| , W{S'^'^, {H'^^)^) is then Zw{ai). □ 
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Corollary 8.4.4 If cri is a special automorphism, then ^^{H^^) = ■kq{T^'^). 



Proof. By Lemma ^X^ , 7ro(F'^i)/7ro(r'^) ^ N{ai)/W{S''\{H''^f). By the pre- 
vious lemma, W{S''\{H''^f) = Zw{cri), and N{ai) C Zw{cri). Thus the quotient 
N{ai)/W{S''\{H''^)^) is trivial, so that MH"') = MT"')- □ 

The following relates the roots of H'^^ , which are restricted roots, to the projection root 
system. 

Corollary 8.4.5 There is a natural one-to-one correspondence between the roots of H"^ 
and the subroot system of the non-multipliable roots in <1>^°-' (fii ) . The corresponding roots 
in these two systems are positive multiples of each other. 



Proof. According to Proposition 7.1.5, these root systems have the same Weyl group, 
which implies that they have the same set of walls. Since each of these root systems is 
reduced, the result follows. □ 



For example, if ^ is simply laced, which is always the case if ai is nontrivial and <1> is 
irreducible, and if there are no exceptional orbits, then H'^^ = $^''(cji) and $^°''(cji) is the 
inverse system, and the bijection of the corollary simply associates to each element of H'^^ 
its inverse coroot. 



8.5 The roots of H"" 



Suppose that ai is a special automorphism, and let B be an alcove of 0'^^ containing the 
origin for ^^°\ai). Let a = ig o ai for some s £ S^'^ . Let s be a lift of s whose projection 



to lies in some alcove containing the origin. By Part 1 of Lemma 6.4.2, the group 
Zw{<^i) acts transitively on the set of all such alcoves, and hence there is a G Z\/i/{a) 
such that w{s) G B. Moreover, by Proposition ^.4.3 , we may lift w to g Nh(T)'^^. Then 



InOl 



sOCFioig 



) (J I , and the fixed subgroups of is o cri and igoigO crioi^^ = i^j-^-) o ai 



are conjugate in H. Thus, to analyze the fixed subgroups, we can always assume that the 
projection s of s to 1)" lies in the alcove B. Denote by S the quotient of by the image 
under orthogonal projection of A. Note that this terminology is consistent with that of the 
introduction. By Lemma [8.0.1 , the component group of only depends on the image of 
smb. 



Lemma 8.5.1 Let cti be a special automorphism and suppose that the action of ai on Ah 
has no exceptional orbits. Let s € f^S t^^^^ set s = exp(s). Let a = ig o ai. Then the roots 
of H'^ with respect to the maximal torus are 

{aG$5f^(a)| n^(a,s) GZ)}. 
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Proof. Since (j\T = cti|T, it follows that = S'^^ and that a and ui have the same 
action on so that <I>^°-'(cr) = $^°-'((Ti). Since ai has no exceptional orbits, it follows 
from Lemma 3.4.1 that is a reduced root system. Thus, by Lemma 8.4.3 each a in 

^^g^{ai) is a root of of with respect to i"^. 

The roots of with respect to are a subset of (^^^{ai). Let a S ^>^'^((Ti) be an orbit 
of order ria- Let {ai, . . . , a„_} be this orbit, ordered so that ai ■ Ui = Oj+i (by convention 
a„_+i = ai). For each i let f)'*' C f) C be the root space for Cj. Since a is a root of H'^^ , it 
follows that the action of cti identifies the root space f)"' with f)"'+i in such a way that the 
action of is the identity on each of these root spaces. Since s & S" have s"""- = s°'+i 
for all i < ria- Thus, = 1 if and only if the action of (so'i)"'" is trivial on all these root 
spaces if and only if a is a root of H'^ . Of course s""*^! = 1 if and only if na(a, s) S Z. □ 



Corollary 8.5.2 With ai, s and a as in the previous lemma, the roots of H" are exactly 



those o/ <I>^'^ (o"i ) that correspond under the bijection given in Corollary 8.4-t to the roots 

jprc 

-H 



of which take integral values on s. 



Proof. Since a has no exceptional orbits, $^°-'((7) is a reduced root system and the root 
of this system corresponding to a G ^^ti^) ^aO^. Given this the result is immediate from 
the previous lemma. □ 

Suppose that ai is nontrivial, that ^ is irreducible, and that there are no exceptional 



orbits. It follows that ^ is simply laced. By Lemma 5.2.7 the systems $^^(fTi) and <I>^°''((Ti) 
are inverse to each other. The roots of H'^ are then the elements of $^^((7i) such that the 
corresponding inverse coroot is integral on s, or equivalently on s. Since s lies in the alcove 
B, a set of simple roots for H'^ is obtained as follows: take the extended coroot diagram 
for $5l''(c7i), in other words the extended root diagram for <&^°-'((Ti). Let ^^°\ai){s) be 
the set of elements of <I>^°''(fTi) such that the corresponding wall of B contains s. Then the 
set of elements of $^'^(fTi) which are inverse to an element of ^^"\ai){s) is a set of simple 
roots for H"^. The possible diagrams obtained in this way will describe all of the possible 
root systems for H'^ . A similar result holds if there are exceptional orbits, with a slightly 
more involved proof. In this case, the root and coroot systems are both of type BCn, and 
thus are abstractly isomorphic, and the procedure for finding the possible root systems of 
the H"^ is again to take the extended coroot diagram, choose a proper subdiagram, and 
then pass to the inverse system. Taken together, these results generalize a theorem of Kac 
which dealt with the case of finite order automorphisms a. 

8.6 The component group of H'^ 

Let a be an automorphism in normal form. We keep the notation above, and for simplicity 
assume that there are no exceptional orbits of a (a minor modification handles the gen- 
eral case). We now use the results developed above to give an explicit description of the 
component group of the fixed subgroup H"^. 
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8.6.1 The homomorphism S 

Let H be the universal covering group of H. Then there is an exact sequence 

{0} ^ A/Q^ ^H^H^ {1}, 

where A/Q^ is a central subgroup of H. The automorphism a acts on this sequence. Thus, 
there is an exact sequence 

{0} - {A/Q'i.y -^H-^H^^ {NQ)i). ■ 

Since H is the product of a vector space and a compact, simply connected group, it follows 
from Q that H'^ is connected. (In fact, we shall give another proof of this fact shortly.) 
Thus we have: 

Lemma 8.6.1 Let g £ H and let g be a lift of g to H . Then the element o'{g)g~^ is 
contained in A/Q'^ and its image in (A/Q^)^ depends only on g. This function induces 
an injection 5 from ttq{H'^) to Tor (A/Q)^)^. 

Proof. From the long exact cohomology sequence we see that 5 is an injective homomor- 
phism from ttq{H'^) to (A/Q^)^. Since H"^ is a compact group, the image of 6 is finite, and 
hence is contained in Tor (A/Q)^)^. □ 

Applying the above to the case H = T, there is also a homomorphism from 7ro(T'^) to 
Tor(Ao-). Of course, this is just the isomorphism of Lemma By the functoriality of 

the connecting homomorphism 6, we have: 

Lemma 8.6.2 There is a commutative diagram with exact columns: 



7ro(T-) Tor(A,) 

Tor((A/QV)^). 

8.6.2 The homomorphism from Tor((A/Q^)^) to C$^°j((T) 

Lemma 8.6.3 The natural map A„ induced by the orthogonal projection from A to 

t°" has kernel equal to Tor {A„) and image contained in the dual lattice to the root lattice of 

Proof. The only thing that needs to be established is that if r is a root of ^^°\a) and 
A G A(j then (r. A) S Z. The root lattice has as a basis the roots {e(a)?i-aa}aeAH/(o-> ■ It 
suffices to show that these take integral values on A. Let {ai, . . . , On-} be the orbit a and 
lift A to A G A. Then (r. A) = e(a) T^Zii^^i^ A) G Z. " □ 
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Recall that C<&^°''((t) is the quotient of the coweight lattice of the root system $^°''((t) 
by its coroot lattice. The exact sequence 

^ ^ A ^ A/Q^ ^ 

yields an exact sequence 

The image in to- of any /i G Ag- which maps to a torsion element in (A/Q^)^ is contained 
in 0°^. Thus, we have constructed a homomorphism from Tor ((A/Q)^)(j) to the quotient 
t)'^/((5^)o-- The kernel of this homomorphism is the image of Tor(Ao-) in Tor ((A/(5^)o-) 
and the image is contained in C^^^°\a). Finally, the map from Tor(Ao-) in Tor {{A/Q'^)„) 



is injective by Lemma 8.6.2. We summarize this picture in the following lemma: 
Lemma 8.6.4 Orthogonal projection from Ao- to to- induces an exact sequence 
^ Tor(A,) ^ Tor ((A/Q)^),) ^ C<^r\a). 



Recall from Section |3.1| that is an affine action of C^^°\a) on normalizing B. 
This induces an action of Tor ((A/(5^)o-), by affine isometries, on 0'^ normalizing B. The 
linearization of the action of C<I>^°''(fT) is denoted vb- 

We have identified Ao/Tor(Ao) with 7r(A). Moreover 7r(g^) ^ (Q^)<x- Thus 

n{A)/7T{Ql) - (A/Q)^)o/Tor(Ao). 
The following lemma, which will be needed in the next section, is then clear. 
Lemma 8.6.5 There is an exact sequence 

^ vr(Q)^) ^ (7r(Q^) ® Q) n 7r(A) ^ Tor {{A/QW /Tor(Ao) ^ 0. 

8.6.3 The basic equation and its consequences 

Proposition 8.6.6 Suppose that g\ is special, and let a = isoai with s = exp(s) for some 
s G f^^ . Let w G Z]Y(a) and let g be a lift of w to N(^jjaj^y-i(S'^). Let t £ T with t = exp(t) 
for some t G t. Then the element tg lies in if and only if 

(Id -w)s + {a- Id)t G A, 

if and only if (Id — w)s G vr(A). Thus, ifs is the image of s in T^r = S'^ , w G N{a) if and 
only if w{s) = s in the induced action of w on T^. 

Proof. Since ai (g) = g, we see that ig o a\ (tg) = tg if and only if 

sai{t)ai{g)s^'^ = sai{t)gs^^ = tg, 
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or equivalently 

1 = t-hai{t)gs-^g-^ = {t'^ai{t)){s{w ■ s)-\ 
Equivalently, in additive notation, 

(Id - w)s + (cr - Id)t G A. 

Since every lift of w to an element of N}{{T) is of the form tg for some t £ T, we see that 
w lifts to an element of {NH{T)y if and only 'd s = ws mod (Id — cr){T), or equivalently 
w{s) = s. □ 

Proposition 8.6.7 Suppose that a = ig o ai with s = exp(s) for some s G t"^ and that the 
projection s of s to d"^ lies in the alcove B. Then the group tt{){H") / t:q{T^) is isomorphic 
to the stabilizer of s in C<I>^°'' {a) . 



Proof. By Proposition |8.6.6| , N{a) = Sia!oz^(^cF^){s) is the stabilizer in the Weyl group 
of $^°^(<t) of the point s. By Corollary p.5.2| , the Weyl group VF(S'^, {H")^) is the group 
■^vk(ci)(s) generated by reflections in walls defined by the roots in $^°''(cr) which are 



integral on s. By Lemma 3.1.5| (and the remarks immediately following it in case <I>^°''(cr) 
is not reduced), the quotient Siahz^^ax)^) / ^w{'^i)i^) is isomorphic to the stabilizer of s 
under the action of C^^^°\a) on and this is the statement of the proposition. □ 

We can now sketch a proof of the theorem of the first author in Q : 

Corollary 8.6.8 If H is simply connected, then is connected. 

Proof. Since H is simply connected, A/Q^ is trivial, and hence 'Kq{H'^) / itq{T'^) is trivial. 



By Lemma |8.1.l| , t:q{T") is also trivial. Thus 7To{H'^) is trivial, so that H" is connected. □ 



Proposition 8.6.9 With notation as above, let p:TTo{H'') N{a)/W{S'' , {H")'^) be the 
map defined by the exact sequence of Lemma ^. 3.5 , let 6:ito{H'^) — > Tor ((A/Q^)^) be the 



homomorphism of Lemma 8. 6. J\ , and letuB be the linearization of the action ofC^^°\a) on 



B, viewed as a homomorphism from Tor ((A/(5^)o-) to Z\Y{ai). Then the image of vbo5 is 
contained in N{a), andp = vb°5 as homomorphisms from tto{H'^) to N{a)/W{S'^ , {H'^)^). 



Proof. Fix a component of H'^, and find, by Lemma 8.3.2, an element gQ € Ni{{TY lying 
in this component. Let w G Zw{a) be the image of go. Then by definition w £ -/V(cr) and 
PCbo]) = w mod W{S^ , (H^)^). By Proposition 8.4.3 , there is a g £ Nh{TY^ whose image 



in Zw{ai) is also w. Thus go = tg for some t £ T. Let ^ be a lift of g to the covering t xi 
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of Nh(T) and let t be a lift of t to t. Then the element tg is a lift of tg to t Xi W. The 
calculation of Proposition 8.6.(: shows that 



A = (Id - w)s + {a- Id)i G A 

and identifies a{t • g){t ■ g)^^ (additively) with A, up to an element in (Id — ct)(A). It then 
follows from the definition of 5 that (5([(7o]) = '^([^5']) is the image of A in (A/Q)^)^. Thus, 
letting vr denote the orthogonal projection onto f^, by Lemma |8.6.4| , the image ^ of in 
C^^°\a) is represented by 7r(A) modulo 7r((5^). Of course, 7r(A) = 7r(Id— = (Id— t(;)(s). 
Thus ^ = s — w(s) G lifts ^. In other words, w{s) + ^ = s. Let B' = w{B) + ^; it is an 
alcove in for $^°^((t). Now there is a unique 7 G Wafi($^°^(fT)) such that j{B') = B and 
7(5) = s. Let w' be the Weyl part of 7. It is a product of reflections in walls defined by roots 
in $^°-'(cj) which are integral on s. By Corollary 8.5.2, such walls are walls of roots of H'^ . 
Hence w' G W{S'^, {H")^). Let be the affine transformation 7^+^ = w'w+^', where ^' = 
^ mod the coroot lattice of ^^°\a). Then by construction ip normalizes the alcove B, and 
so by definition w'w = vbH') = ^bH) = VB{5{[go]))- Since w = w'w mod W{S'^ , {H")^), 
we see that VBi^ilg^])) G -^(c) and that p([5o]) = w'w = VBiSiigo]))- This completes the 
proof. □ 



Corollary 8.6.10 Let a = ig o ci, let s he the image of s in 1}" , and assume that s lies 
in the alcove B. Then the group ttq{H'^) is isomorphic to the stabilizer of s in the group 
Tor ((A/(5^)ct)- Moreover, for every element fj, G Tor ((A/(5^)ct); there exists an s such 
that, if a = is o ai, then /i = 6{[z]) for some z G H'^ . 



Proof. Let 5 be the homomorphism tto{H'') Tor ((A/Q^)<^) C^>g°j(cj). By Propo- 
sition 3.6.9, the image of S is exactly the stabilizer of s in C'I>^°''((t). Since the image of 5 
contains the kernel of the map from Tor ((A/Q^)(j) to C^^°\a), it follows that the image 
of 6 is the stabilizer of s in Tor ((A/Q^)o-). 

The second statement follows immediately from the fact that every affine automorphism 
of a simplex has a fixed point. □ 



8.7 The case of c-pairs 

We return to the notation of the previous sections, so that G is a simple and simply 
connected group with maximal torus T, and ^ is a fixed alcove in t. Let c G CG, and 
suppose that is a c-pair. After conjugation we can assume that (x,y) is in normal 

form, so that x = exp(x) for some x G A'^. We will apply the results above to the compact 
group H = Z(x) and the automorphism of Z{x) defined by conjugation by y. For future 
reference, let us record the following definition: 

Definition 8.7.1 A c-pair (x,yi) in normal form such that conjugation by y\ is a special 
automorphism of Z[x) is called a special c-pair. 
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Note that T is a maximal torus for Z{x) and that a set of simple roots I{x) for Z{x) 
is given by the subset of A taking integral values on x. Let Q'^{x) be the lattiee generated 
by I{x). It is the coroot lattice for the derived subgroup of Z{x), and thus is the lattice 
denoted above. Conjugation by y induces an automorphism of Z{x) normalizing t and 
A C. t. Its action on t is given by the Weyl element Wc- This Weyl element normalizes A 
and Ic{x). Let Ac and I{x) be the respective quotients of these sets by the action of Wc- 
The elements of Ac C t'"'^ satisfy one relation X^^^^ ga^ia^) = 0. 

8.7.1 Description of Tor ((Q^/Q^(a:))^J 

Lemma 8.7.2 Tor {{Q^^ / Q"^ {x))wj is a cyclic group of order n = gcdj^a : a G Ac— /c(x) }, 
generated by 

Proof. We have an exact sequence 

0^z|E5aa^) ^ Z(a^) ^ ^ 0. 

VaeA / oeA 

Since = 0„g7(j.) Z(a^), we see that there is an exact sequence 

O^ZI E 9aaA^ Z(a^) ^ QVQ^(ar) ^ 0. 

\oeA-7(j;) / a€A-7(a;) 

Conjugation by y induces an action on this sequence. On the second term it is the 
action induced by the permutation action of A — l{x) with quotient Ac — Ic{x)- Hence, 
taking coinvariants yields an exact sequence 

Z ( E ) ^ Z(7r(a^)) ^ (QVQ^(x))^^ ^ 0. 

\aeAc-Ic{x) / aeAc-Ic{x) 

Clearly, then, the torsion subgroup of {Q^ /Q^ {x))^^ is as claimed. Since for all 
o G Ac — Ic{x), we see that C, £ ■ The two expressions for C, are equal since, in ,we 
have the relation YlaeA — ^- ^ 

Corollary 8.7.3 The order of TToiT^") is uq = gcdj^ia : a G Ac} and, for every c-pair 
{x,y) in normal form, the map from 7ro(r"'=) to Tro{Z{x,y)) is an injection onto the cyclic 
subgroup of Tro{Z{x,y)) of elements whose order divides uq. 

Corollary 8.7.4 If {x,y) is a c-pair in normal form, then 7ro(Z(x,y)) is a cyclic group of 
order dividing gcdj^o : a G Ac — Ic{x) }■ 
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8.7.2 The case when all the ga are equal 

There is one case we need to single out for special consideration. 

Proposition 8.7.5 Suppose that all the g-a are equal, say to n. Then for every c-pair 
{x,y) in normal form the group Z{x,y) has n components. Let T^" he the fixed points 
of the Wc-action on T . The inclusion T^" Z{x, y) induces a bijection on the group of 
components. 



Proof. Fix a c-pair {x,y) in normal form. Suppose that x' £ A'^ exponentiates to a 
regular element x' e T. Then Z{x') = T,Q^{x') = {0}, and Z{x',y) = T^'^ According to 
Lemma ^.7.2 , since gs = n for every a E A, Tot{Q'^ /Q^ {x))^^ is a cyclic group of order n. 
Applying this to x' instead of x, we see that Tor{Q'^)w^, which is the group of components of 
T'^", is a cyclic group of order n. Furthermore, the natural map /Q^ {^) induces an 



isomorphism on the torsion subgroups of the tUc-coinvariants. It follows from Corollary 8.6.1 



that the inclusion T"^" = Z{x', y) — > Z{x, y) induces a bijection on components, and in 
particular that Z{x, y) has n components. □ 



8.8 Variation of 7ro(Z(x,|/)) as x varies 

Proposition 8.8.1 Suppose that x,x' are points of . Let x, resp. x' , he the image 
of X, resp. x' , under the exponential mapping. Suppose Z{x') C Z{x). Then the map 
on fundamental groups <5^/(5^(x') Q"^ /Q^{x) induced hy the inclusion Z{x') C Z{x) 
descends to a map on coinvariants which gives an injection 

Tor {{QVQ''ix'))^.) Q Tor {{QVQ'' ■ 



Proof. The groups Z{x) and Z{x') are connected and both have T as a maximal torus. 
Since Z{x') C Z{x), I{x') C /(x), and hence Q^{x') C Q'^[x). The natural surjection 
p:Q'^/Q'^{x') Q'^/Q'^{x) is the map on fundamental groups induced by the inclusion 
Z{x') C Z{x). It follows immediately from the description of the torsion subgroup and 
its generator given in Lemma ^.7.2 that, if Tor{(Q^ /Q^ {x))^^) is cyclic of order n and 
Tot:{{Q'^ /Q'^ {x'))wj is cyclic of order n', then n'\n and that the map pw^'- {Q^^ /Q^ {x'))wc ~^ 
{Q^ / Q'^ {x))wc induced by p on coinvariants sends a generator of Tor((Q^/(5^(x'))i„^) to 
n/n' times a generator of Tor(((5^/(5'^(x))u.c)- Thus it is injective on the torsion subgroup. 

□ 



Corollary 8.8.2 Suppose that {x,y) and {x',y') are c-pairs in normal form. Suppose 
Z(x') C Z{x) and that Z{x',y') C Z{x,y). Then the inclusion Z{x',y') Z{x,y) in- 
duces an injective homomorphism 7ro(Z(x', y')) TTQ{Z{x,y)). 



Proof. This is immediate from Proposition 8.8.1 and Corollary B.6.1 



□ 
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9 C-triples 



Let C = (cij)i<ij<3 be an antisymmetric matrix of elements of CG. Let (C) C CG be 
the subgroup generated by all the entries c^- of C. We wish to study the moduli space of 
conjugacy classes of ordered C-triples in G. Quite generally, suppose that x = (xi,X2,X3) 
is an ordered triple in G^. For an integral 3x3 matrix M, we set x^"'^ = (x']^, X2, X3), where 
x[ = x^^'x^^'x™^'. We have the following straightforward lemma: 

Lemma 9.0.3 Suppose that M is unimodular. The map x 1— > x*^ defines an home- 
omorphism from the moduli space of C-triples to the moduli space of G' -triples, where 
G' = {c[j)i<ij<z and c[j = W^. ^ c^P "^"^ ■ Moreover, for an appropriate choice of a unimod- 
ular M , either (C) = (C) is cyclic and we can assume that c'^^g = C23 = 1 or G = Spin{An) 
and (C) = (C) is not cyclic, and we can assume that '^23' ^'13 ^'"^ three nontrivial 
elements of (C) . 

In case (C) is cyclic, we assume that c'l^ = C23 = 1 and set — ^- other words, 
{x,y) is a c-pair and z G Z{x,y). We shall call such a triple a c-triple. For the rest of this 
section, we shall study c-triples, postponing the remaining case until later. We let Tg{c) 
denote the moduli space of conjugacy classes of c-triples in G. 

9.1 c-triples of rank zero 
9.1.1 The order of a c-triple 

Definition 9.1.1 We define the order of a c-triple x = (x,y,z) to be the order of [z] in 
7ro(Z(x, y)). Clearly, the order is a conjugacy class invariant. 

It is easy to check, using the results of this section, that this definition coincides with 
the previous definition given in Section ^ in case c = 1. It follows from Corollary 9.2.5 below 



that the order is constant on connected components of Tg{c). Thus we define the order of 
a component X of Tg{c) to be the order of x, where x is any c-triple whose conjugacy class 
lies in X. 

9.1.2 The Wc-action on A 

Lemma 9.1.2 Suppose that {x,y,z) is a c-triple of order k and rank zero such that the 
c-pair (x, y) is in normal form. Then: 

1. Z^{x,y) is the torus S'"'" and the action of z on this torus has isolated fixed points. 

2. If k = 1, then {x,y) is a rank zero c-pair in G, which is of type An for some n, and 
c generates the center of G. 

3. A c-triple {x,y,z') is conjugate to {x,y,z) if and only if z and z' lie in the same 
component of Z{x,y). 
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Proof. The fact that {x,y,z) is of rank zero means that Z{x,yY is finite. If Z^{x,y) 
is not a torus, then, by |jl^ II §2, {^Z^{x,y)Y ^ Z{x,y,z) is of positive dimension. Thus 
Z^{x,y) is a torus, and since S"^" is a maximal torus of Z^{x,y) they are equal. 

If A; = 1, then z S Z^{x, y) which by Part 1 is a torus. Thus, the action of z on Z^{x, y) 
is trivial. By Part 1 this implies that Z^{x, y) is a point, which means that (x, y) is a c-pair 
of rank zero. The statements about G and c now follow from Proposition 



By Part 1 and Corollary 8.7.4 , Z{x, y) is an extension of a cyclic group by a torus. Thus 
{x,y,z') is conjugate to {x,y,z) only if z' is in the same component as z. The converse 
follows easily from the fact that z acts on 5'"''= = Z^(x,y) with isolated fixed points. □ 

Now let us eliminate one exceptional case. 

Lemma 9.1.3 // there is a c-triple of rank zero in G, then the action of Wc on A has no 
exceptional orbits as defined in Section |7.4- 



Proof. Suppose that Wc acts on A interchanging two roots a\ , which are not orthog- 
onal. The extended Dynkin diagram D'^{G) is thus symmetric about the bond connecting 
the nodes corresponding to oi and 02- This symmetry implies that there are three possible 
types of diagrams to consider: (i) D is simply laced and has no trivalent vertices; (ii) D 
is simply laced and has two trivalent vertices; and (iii) D has two double bonds. In the 
first case G is isomorphic to SU{2n + 1) for some n > 1. This case is ruled out since the 
center of SU{2n + 1) acts freely on the extended Dynkin diagram. In the second case, the 
subdiagram of D which contains the chain connecting the trivalent vertices together with 
all nodes adjacent to the trivalent vertices is the extended Dynkin diagram for D2n+i, and 
hence there is a non-trivial linear relation between the elements of A corresponding to the 
nodes of this subdiagram. Since any proper subset of A is linearly independent, it follows 
that this is the entire extended diagram for G. Thus, G is of type D2n+i for some n > 2. 
Direct examination of the action of the center in this case shows that c is a generator of the 
center and that the integers {ga} are all equal to 4. In the third case, D has no trivalent 
vertices and hence is a chain. Since the highest root is a long root and since according to 



Lemma 3.2.1 it must be at one end of the chain, it follows that the ai and 02 are short 
roots. The subchain that contains ai and 02 and contains one long root on each side of ai 
is the extended diagram for C2n+i for some n > 1. As before, since there is a nontrivial 
linear relation between these roots, it follows that G is of type C2n+i- Direct inspection 
shows that the {ga} are all equal to 2 in this case. 

What we have seen is that if Wc acts on A with an exceptional orbit, then the integers 
{ga} are all equal and the number of orbits is at least 2. 

Now suppose that (x, y, z) is a c-triple of rank zero in G. Then we know that Z^{x, y) = 
S^". Since all the ga are equal, by Proposition ^.7.5 Z{x,y) = T'^" . Consequently, the 



action of any z G Z{x, y) on S^" is trivial. That is to say the rank of Z{x, y, z) is equal to 
that of Z(x,y). But the rank of Z{x,y) is one less than the number of orbits and hence is 
positive. This contradicts the fact that (x,y,z) is of rank zero. □ 
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9.1.3 The divisibility of the ga 



Suppose that (x, y, z) is a c-triple of order k and rank zero and that the c-pair (j;, y) is in 
normal form. Recall that, by Lemma 8.7.2 , Tot {{Q^^ /Q"^ [x))^^) is a cyclic group of order 



n = gcd{ Qa : a £ — Idx) }, and is generated by 



aeAc— /c(a;) aG/c(a;) 

Let $(2;) C <^ be the set of roots annihilating x and let X) be the subspace of t spanned by 
the coroots inverse to <l>(x). Then Wc acts on d and on <l>(x). Let ^dx) be the root system 
^^"^■^(wc) as defined in the previous section. Recall that the coroots inverse to the simple 

roots of ^c{x) are given by { 7r(a^) : a E Ic{x) }. Fix an alcove B containing the origin in 
£qj. ^YiQ root system ^c{x)- 

We can write y = syi where yi is special and s G S^". Let s = exps, where s G i^''. 
After a further conjugation, we can assume that s S t"''' projects to s G 0'"'' lying in the 
alcove B. The element z defines a class [z] £ TTQ{Z{x,y)). Let fiz be the image of 6{[z]) in 
Tor {{Q^ /Q^ {x))wc) /Tor(Q^^) C C^c{x), where 5 is the homomorphism of Lemma |8.6.1| . 



1V/ 



By Lemma 8.6.5 , we may lift fiz to an element /i^ of {Q {x)^^) ® Q, well-defined modulo 
QV(x)^,. Write 



Proposition 9.1.4 Let {x,y,z) be a c-triple of order k and rank zero, and suppose that 
the c-pair (x, y) is in normal form. With assumptions and notation as in the previous 
paragraph, 

1. The group Z^{x,yi) is semisimple and hence d'^" = t^". 

2. The element s = s is a bary center of the alcove B. 

3. In Equation no coefficient r-a is integral. 

4. For every set of simple roots of ^dx), the coefficients of jlz, written as a linear 
combination of the inverse coroots, are all non-integral. 

5. The element x is the image under the exponential map of a vertex of A'^ opposite to 
a face {a = 0} for some a G Idx). 

6. The order k divides ga. 



Proof. Since {x,y,z) is of rank zero, it follows from Lemma 9.1.2 that Z^{x,y) = S"^" 
and that conjugation by z normalizes S'^" and its action on this torus has isolated fixed 



points. Since Z^{x,y) is abelian, its Weyl group is trivial. Thus, by Lemma 8.3.4 there 
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is a well-defined action of the element [z\ G TTQ{Z{x,y)) on , and, by Proposition |8.6.9| , 
it is given as the Weyl element w = vb{i^z)- The element w preserves t*"'' and fixes only 
the origin there. By Proposition 8.4.3| , w is an element of the Weyl group of Z^{x,yi). It 



follows that Z^(x,yi) has finite center and thus is semisimple. This proves (1). 

Since w = i^sip-z)! the affine action of fiz G C^dx) on the alcove B has isolated fixed 



points, and hence fixes only the barycenter of B. Since fixes s = s, by Proposition S.6.7, 
it follows that s is the barycenter of B, proving Part (2). Moreover, by Proposition 3.4.1 , 
no coefficient r-a of jlz S iQ'^{x)wc) ® Q is integral, proving (3). 

Any two sets of simple roots of ^c{x) are related by an element of the Weyl group of 
<I>c(a^)- Since the Weyl group acts trivially on the center, and since flz projects to an element 
of the center. Part (4) follows. 

Since Z^[x, yi) is semisimple, Ic{x) has cardinality equal to the dimension of t'^''. Thus 
X is the image under the exponential map of a vertex x of A'^, opposite the face {a = 0}, say. 



By Lemma g.7.2| , Tor{{Q'^ /Q^ {x))wj is cyclic of order Qa- Since the class of z is an element 



of order k in 7ro{Z{x,y)), and since 5 is injective by Lemma 8.6. 1| , S{[z]) is an element of 



order k in Tor((Q^/Q^(x))^^). Consequently, k\ga- □ 

To see the relationship between k and the remaining g^, we use the following lemma: 

Lemma 9.1.5 Let x £ . Suppose that fi € has order k. Let Jl G 

(Q^(x)^^) Ql he an element lifting the image Ji of ^ in Tor(((5^/(5^(x))^^)/Tor((5^^) C 
C^c{x)- Then no coefficient of ji is integral if and only if, for all b G Ic{x), k 



Proof. By Lemma |8.7.2| , a generator for {Q'^ /Q'^ {x))w^ is C = ~^bei {x)^Sb/''^)'^(")^ 
where n = gcd{ ga - a G Ac — Idx) }■ Thus k\n and we can write ^ = for some integer i 
of the form tn/k, where t and k are relatively prime. A representative for jl is then given 
by 

Clearly, then, no coefficient of jl is integral if and only if, for all b £ Ic{x)-, k ){g^. □ 

Corollary 9.1.6 Let {x,y,z) be a rank zero c-triple of order k. Then there is a unique 
a G Ac such that k\ga- 

Proof. This is immediate from the previous lemma and Parts (3) and (6) of the previous 
proposition. □ 
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9.1.4 Classification of rank zero c-triples 

We can now give the classification of rank zero c-triples. 

Proposition 9.1.7 Let G he simple. 

1. There is a c-triple of rank zero and order k in G if and only if k divides exactly one 
of the Qa- 

2. Suppose that ga does not divide gj^ for b ^ a. Let (x, y, z) be a c-triple of rank zero 
and order ga and let {x' , y' , z') be a rank zero c-triple whose order k divides ga- Then 
{x',y',z') is conjugate to {x,y,z^) for a unique I such that 1 < i < ga and moreover 
k = gal gcd{£, ga). 



Proof. The only if part of the first statement is Corollary |9.1.(]| . 

Conversely, suppose that exactly one of the ga is divisible by k. Choose x £ A'^ so that, 
for X = expx, we have Ic{x) = Ac — {a}. By Lemma ^.7.2 , the order of Tor ((Q^/Q^(x))t„^) 
is divisible by ga and hence is divisible by k. Let yi be such that {x, yi) is a special c-pair in 
normal form. Let s £ t^" be the barycenter of the alcove B C t'"'' for the root system ^d^) 
and let s = exp(s). We set y = syi. Fix an element n G Tov {{Q"^ /Q"^ {x))wj of order k. 
Since s is the barycenter of B, n fixes s. Hence by Corollary 8.6. 10| , there is a z G Z{x, y) 
whose image in Tor ((Q^/Q^(x))^^) under the map 7ro(2'(x,y)) Tor is 
^. Since s is a regular element for (^c{x), it follows that Z^[x,y) = S^". Lifting the image 
of fi in Tor ((Q^/Q^(x))^J /Tor(QV)^^ to an element fl G (Q^(x)) Q, /i = E Sa7r(a^). 
It follows by construction that no coefficient Sa of a 7r(a^) G Ic{x) is integral. Hence, by 
Proposition ^.4.1 , n acts with isolated fixed points on S'^". It follows that the conjugation 
action of z on 5'"''= also has isolated fixed points, and hence {x, y, z) is of rank zero. Clearly, 
it is of order k. 

Now suppose that ga does not divide gj^ for b ^ a. Let (j;, y, z) be a c-triple of rank 
zero and order ga and let (x', y', z') be a rank zero c-triple whose order k divides (fe. After 
conjugation we can assume that (a;,y) and (x',y') are c-pairs in normal form. Then y' G 
S^" ■ y. Each of x and x' is the image under the exponential mapping of the vertex of 
opposite the face {o = 0} for the unique a G Ac for which k\ga. Thus, x = x'. 

By Lemma |8.4.1| there is yi G S'^" ■ y such that (x,yi) is a special c-pair in normal 
form. We write y = syi and y' = s'yi for elements s,s' £ S^" which are the images of s 
and s' in t"'''. It follows from Proposition 9.1.4 that s and s' are barycenters for the alcove 
decomposition of t"'" associated with the root system ^c{x). 

Thus, there is an element in the Weyl group of ^c{x) on t"''' which conjugates s to s'. 
By Proposition |8.4.3| , the Weyl group of ^c{x) is the Weyl group of Z[x,yi). Thus, there 
exists a 5 G Nt{Z{x, yi)) conjugating s to s', and hence (x, syi) and (x, s'yi) are conjugate 
c-pairs in G. 

This allows us to assume further that y = y'. By Proposition 9.1.2| , Z^{x,y) = S^". By 
Corollary 8.7.4, the group ■7To{Z{x,y)) is cyclic of order dividing g-a, and [z] is an element 
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of this group of order exactly Qa- Hence [z] generates ■KQ{Z{x,y)). Thus there is a unique 
integer i with 1 < i < ga such that and z' are in the same component of Z{x,y). Since 
z' acts on 5""'= with isolated fixed points, this implies that z^ and z' are conjugate in Z{x, y) 
and hence that (x, y, z^) and (x, y, z') are conjugate in G. □ 

9.1.5 Simple groups containing c-triples of rank zero 

It follows from the above that a simple group G has a c-triple of rank zero and order k if 
and only if exactly one of the integers ga is divisible by k. Examining the quotient diagrams 
gives the following list of all the possibilites for c 7^ 1: 



1. 


G = 




c 


a generator of CG and k\n + 1. 




2. 


G = 




c 


the non-trivial element of CG and k = 


2. 


3. 


G = 


^6, 


c 


an exotic element of the center and k 


= 4. 


4. 


G = 




c 


a generator of CG and A; = 2 or 6. 




5. 


G = 


Er, 


c 


the non-trivial element of CG and k = 


3 or 6 



9.1.6 Action of the automorphism group of G on rank zero c-triples 

Lemma 9.1.8 Let {x,y) be a c-pair in normal form in G. Let g ^ G, let ig denote 
conjugation by g, and suppose that ig{x) = C,x for some Q € CG. Let a: G ^ G be an 
automorphism normalizing S^'= such that (t{x) = Cix and a{y) = C,2y, where Ci;C2 £ CG. 
Then both ig and a induce the identity on Tor (((^^/(^^(x))^^). Moreover, a induces the 
identity on 7ro(Z(x,y)). 



Proof. Since T is a maximal torus for Z{x), there is an inner automorphism i^, h G Z{x), 
such that ifi o ig normalizes T. Since Z{x) is connected, the inner automorphism i^ of 
Z{x) induces the identity on its fundamental group. Thus, without loss of generality, we 
can assume that g normalizes T. Let x G t be the lift of x lying in the alcove A. Then 
gxg~^ = X + Q for some element C ^ t lifting C,. Since C G CG, the affine automorphism 
t ^ ip(t) = gtg~^ + of t normalizes the alcove decomposition associated with the root 
system of G. Since (p{x) = x, (p{A) = A' is an alcove containing x. Hence there is an element 
H of the affine Weyl group of G which fixes x and sends A' to A. The composition fi o ip 
then normalizes A. Since the translational part of this affine transformation is congruent 
to C modulo the coroot lattice Q^, we see by Lemma 3.1.4 that this composition is J^yi(C)) 
which we denote by w^. On the other hand, since /u fixes x, the Weyl part of /i is an 
element of the Weyl group of Z{x). Since w o ig\i = W(^, multiplying g by an element of 
Nz(x){T) allows us to assume, without loss of generality that ig\i = W/^. 



85 



As noted in Section we have gw^(a) = 9a for all a G A. Since and Wc commute, we 

also have Qw^ia) = for all a £ A^. Now we see directly from the expression for a generator 
ofTor((QV/gV(^)) 

toc) given in Lemma |8 . 7. that if^ acts trivially on Tor {{Q"^ / Q"^ (^x')')^^^ . 
This completes the proof of the first part of the lemma. 

Since S'^" ■ x contains a generic element of G, a normalizes T. The equation cr{y) = C,2y 
says that (T\i commutes with iy = Wc- Let x £ he the lift of x. There is a Weyl element 
w G W{G) commuting with Wc such that w{x) = C,i^x and such that w o a{A) = A. 
Since w o a {A) = ^4, it follows that gwoa{a) = 9a for all a G A. Since won commutes 
with Wc, it is also the case that §^00(0.) = 9a for all a G Ac. Thus, w o a acts trivially on 
Tor {{Q"^ IQ"^ {x))yj^). The first part of the lemma implies that w acts trivially on this group. 
Thus, it follows that a acts trivially on Tor The final statement follows 

since the inclusion 7ro(Z(x,y)) — > Tor ((Q^/Q^(x))u,^) of Lemma p. 6.1 is equivariant with 
respect to the automorphism a. □ 



Lemma 9.1.9 If {x,y,z) is a c-triple of rank zero in G and if a: G ^ G is an automor- 
phism of G fixing c, then a{x,y,z) is conjugate to {x,y,z). 



Proof. We can assume that (x, y) is a c-pair in normal form. Since a{c) = c, the triple 
{a{x),a{y),(T{z)) is also a c-triple, clearly of rank zero. By Proposition p.l.'^ , composing a 
with an inner automorphism allows us to assume that (t(x, y, z) = {x, y, z'^) for some integer 
L Since {x,y,z) is of rank zero, by Lemma |9.1.2| , Z^{x,y) = S'^". Hence, ai^S^") = S'^". 
Applying Lemma 9.1.g| we see that a acts trivially on Tov {{Q^^ / Q"^ {x))wc) ■ Hence, by 
Lemma |8.8.2| , it follows that z' = cr{z) and z are in the same component of Z(x,y), and 
hence that a{x, y, z) is conjugate to (x, y, z). □ 



9.1.7 Action of CG on the space of rank zero c-triples 

We shall first consider the action on the first component. 

Lemma 9.1.10 Let 7 G CG. Then 7 • {x,y,z) = {'^x,y,z) is the trivial action on the set 
of conjugacy classes of c-triples of rank zero in G. 



Proof. Note that Z{^x,y) = Z{x,y). It follows that the order of {^x,y,z) is equal 
to that of {x,y,z), and it clearly has rank zero. We can assume that {x,y) is in normal 
form with respect to A. By Proposition 9.1.7 there is g £ G which conjugates (7x,y) to 



{x,y). Since ig{x) = 7 x and ig{y) 



induces an automorphism of Z{x,y). By 



Lemma |9.1.S , the induced action of ig on 7ro(Z(x,y)) is trivial. In particular, ig{z) and 
lie in the same connected component of Z{x,y). Hence they are conjugate in Z{x,y). It 
follows that (7X, y, z) and (x, y, z) are conjugate in G. □ 
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Lemma 9.1.11 For any 7 G CG the action 7 • {x,y,z) = {x,jy,z) is trivial on the space 
of conjugacy classes of c-triples of rank zero in G. 

Proof. By symmetry between x and y (at the expense of replacing c by c~^), the result 
in this case follows from the previous one. □ 

Lastly, we must consider the action 7 • {x,y,z) = {x,y^^z). 

Lemma 9.1.12 For 7 G C the action of CG defined by 7 • {x,y,z) = {x,y,^z) induces an 
action of CG on the set of conjugacy classes of rank zero c-triples in G. The stabilizer fC 
of a conjugacy class of a c-triple of rank zero is K, = CG H S"^" . The order of each orbit, or 
equivalently, the index of fC in CG is gcd((7a) = uq. 

Proof. Let (x, y, z) be a c-triple of rank zero such that (x, y) is a c-pair in normal form. 
Then Z^{x,y) = S"^". For any 7 G CG, 72: and z are in the same component of Z{x,y) if 
and only if 7 G S'"'^. This proves that /C = CG n S"'^ 

Lastly, we show that the order of CG/ {S"^" nCG) is equal to uq. By Corollary |8.7.3 , 
no is the number of components of T^". Since CG C T'^" and since 5"''' is the component 
of the identity of T"'^ this shows that the order of CG/ (5"''= n CG) divides no- 

To complete the proof, we need to show that the inclusion CG T^" is onto on the 
level of components. We state this as a separate lemma: 

Lemma 9.1.13 Let G be a simple group and let c G CG. The inclusion CG T"^" induces 
a surjection CG TToiT^"). 

Proof. Applying cohomology to the tt^c-actions on the exact sequence 

^ Q"^ ^ P"^ ^CG ^0 

and considering the torsion subgroups, we have an exact sequence 

CG ^ Tor(g:^J ^ Tor(PX) ^ CG. 

Thus, it suffices to show that Tor{P^J CG is injective. 
Set ha = Uaha. There is the exact sequence 

^ Z(^ haa) ^ Z(a) ^ g ^ 0, 

aGA aGA 

where Q = Q{^) is the root lattice of G. Dualizing gives 

^ ^ Za* ^ Z ^ 0, 

oGA 
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where the second map is obtained by sending Y^^^raa* to J2a^aha- (Here the a* are the 
dual basis to the basis {a : a £ A} of the free Z-module ©^jg^ Z(a).) Hence, the group 
Tor(P^^) is a cychc group of order gcd(/ia). Clearly, if a contains the extended root, ria 
is the order of c and /i^ = 1 so that ha is the order of c. Thus the order of Tor(P^^) 
divides the order of c. On the other hand, a generator for Tor(P^^) is represented by 
a* — Wc{a*) £ CG for any a € A for which ha = 1- Choose a to be the root mapped by 
Wc to a. Then the corresponding element of Tor(P^^) is represented by ro^ G P^, and its 
image in CG is therefore equal to c~^. Since the order of Tor(P^^) is at most that of c, the 
map Tor(P^^) — > CG is injective, and in fact an isomorphism. This proves the lemma. □ 



9.2 The maximal torus of a c-triple of order k 

Fix a non-trivial element c G CG. Let (x, y, z) be a c-triple in G of order k. We let S 
be a maximal torus for Z{x,y,z) and let 5 be its Lie algebra. As usual, L = DZ{S). By 
Theorem |2.3.1 there is a c-triple {xq^uq^zq) £ L of rank zero and si,S2,ss G 5 such that 
{x,y,z) = {siXo,S2yo,S3Zo). 



9.2.1 Determination of s 

Our goal is to describe the torus S, or equivalently 5. We begin with the following definition. 

Definition 9.2.1 Let g: Ac — > N be the function defined by g(a) = ga- For each integer 
k > 1 dividing at least one of the integers Qa, for a G Ac, we define f^ik) to be the maximal 
face of with the property that every root a G Ac for which k J(ga takes an integral value 
on f^ik). Let t'"'=(g, fc) be the linear subspace of t'"'^ parallel to f^ik) and let S^''{g,k) be 
the torus whose Lie algebra is t'"'' (g, k). 



We can then state the main result as follows: 



Proposition 9.2.2 Let {x,y,z) be a c-triple of order k and let S be a maximal torus of 
Z{x,y,z). Then k divides at least one of the integers ga and S is conjugate to S'^''{g,k). 
The element x is conjugate to a point of f'^{k). In particular, the dimension of S is equal 
to one less than the number of a £ A for which k divides ga- 

First let us show that s is conjugate to a linear subspace parallel to some face of A'^: 

Lemma 9.2.3 Suppose that {x, y, z) is a c-triple and that {x, y) is a c-pair in normal form. 
Supoose that x' £ S ■ x is generic in the sense that any root of G vanishing on x' vanishes 
on S ■ X and suppose that x' = exp(x') for some x' contained in A^. Let f be the face of 
A^ containing x! in its interior. Then, up to conjugation by an element in Z{x,y), 5 is the 
linear subspace of V"" parallel to f . 
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Proof. Since x' G S ■ x is generic, it follows that dims < dim/. On the other hand, for 
every x" in the interior of /, the triple (exp(x"), y, z) is a c-triple with the same centralizer 
as the triple (x,y,z). This means that f — x' is contained in s. Comparing this with the 
dimension estimate shows that s is the linear subspace parallel to /. □ 



Lemma 9.2.4 Let {x,y,z) be a c-triple of order k. Then k divides at least one of the g-a 
and x is conjugate to the exponential of an element of f^{k). Moreover, the Lie algebra s 
of S is conjugate to the linear subspace of V"" parallel to a face of A'^ contained in ^^{k). 

Proof. After conjugation, we may assume that {x, y) is a c-pair in normal form. Since 
{x,y,z) is of order k, the order of iTo{Z{x,y)) is divisible by k, and hence {Q'^ /Q'^ {x))^^ 
has order divisible by k. By Lemma |8.7.2| , this means n = &'^a&A~l{x)^^^ divisible by 

/c, and in particular k\ga for some a. Moreover {a : k /{ga} Q Thus, x is the image 

under the exponential mapping of a point x contained in f^{k). 

Take x' G • x to be a generic element with the property that x = exp(x') for some 
x' £ A^. Let / be the face of A^ containing x in its interior. By the first part of this lemma, 
/ is a face of f^{k). According to the previous lemma s is parallel to /. □ 



We turn now to the proof of Proposition 3.2.2| . As usual, let L = DZ(S) and let 



{xQ,yo,zo) be a rank zero c-triple in L such that {x,y,z) = (siXq, S2yo, s^zq) for ele- 
ments si,S2,S3 S S. Let II = Lie(L) n t; it is the Lie algebra of a maximal torus for 
L. Let = Q"^ n II. Of course, c £ L and the action of Wc on t normalizes t^,. The 
group L is simply connected and semi-simple, but may not be simple. Let Y\i be its 
decomposition into simple factors and let be the corresponding root system with re- 
spect to Lie(Lj) n t. We decompose c S L as Hi'^i- Write xq = Hi^o,*; and similarly 
for yo and zq. Then (xq^j, yo,i; -2^o,i) is a rank zero Cj-triple in Li for every i. Of course, 
ToT{{Ql/Ql{xo))n^J = '®iTor{{QlJQl^{xo,^))^J. By Lemma |T| applied to the 
(2;o,i,yo,i), the groups Tor ((Q^yQ^^ (xo,j) are cyclic. Let m G Tor ((Q^yQ^yxo,i))u.,J 
be the element (5([zo,i])! where [zo,i] G '?ro(^(xo,i, yo,i)) is the class of zo,i and 6 is the homo- 
morphism of Lemma ^.6.1| . By Lemma 8.6.5| , there is is an element fli G (Q^, (xq,; 



Q whose image in Tor {{QiJQ'i.{xQ^i))wc .) /T or((Q^. ) is the image of fii under the 
quotient map. According to Proposition the coefficients of jii are all non-integral 

when written as a linear combination of any set of simple coroots for the root system 
Clearly 

6{[zo]) = E/^^ ^ © iiQl/QlMU) = {{Ql/Ql{xo)U.) . 

i i 

Let /i = Ylil^i and let fi = Ylit^i ^ (Ql(^o)ioc) ^ Q- Then /i projects to the image of /x 
in Tor {{Ql/Ql{xo))i,J /Tor(((5^)^J. For every set of simple roots for ^^^"^^^^^{wc), if we 
write /i as a linear combination of the corresponding coroots, then no coefficient is integral. 
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Fix a generic element x' G S ■ xq. Then Zg{x') = S • Zl{xq) C Zg{x) and so <I>(x') = 
$l(xo). Hence Q^(xo) = Q'^{x'). Moreover Z{x',y) C Z{x,y). Furthermore, ZG{x',yo) = 
ZG{x',y) = S ■ ZL{xQ,yQ). Clearly, z G Z{x',y). Since the order of [z] G Tro{Z{x,y)) is k, it 



follows from Lemma |8.8.2 that the order of [z] G 7ro{Z{x',y)) is also k. Thus the element 
G {Q''/Q''{x')U is of order k. Since cD(x') = cDi(xo), '^c{x') = = ^^^j^^^K). 

Thus, expressing /i as a linear combination of TT{a^) for a E Ici^'), no coefficient of /i is 



integral. It follows by Lemma [9.1.5 that k /\ga for any a G Ic{x'). Hence, for a generic 



element x' G S ■ xq the subset Ic{x') is contained in the subset of a G Ac for which k ){ga- 
This together with Lemma |9.2.4| shows that the generic x' G S ■ xq is conjugate to a point in 
the interior of the face /'^(/c) and hence that s is exactly the linear space parallel to f'^{k). 



This completes the proof of Proposition 9.2.2. □ 



The following is a corollary of the proof: 

Corollary 9.2.5 Let {x,y,z) be a c-triple and let (xo,yO)-2o) any rank zero c-triple in 
L such that {x,y,z) = (siXq, S2yo5 ■Sa-Zo); where the Si G S. Then the order of{x,y,z) is 
the order of [zq] G 7ro(Zi(xo, yo))/^o(5' n Zi{xo,yQ)), and hence the order is constant on 
connected components ofTcic). Finally, the order of the c-triple {x,y,z) of G divides the 
order of the c-triple {xq, yo,zo) in L. 

The order of (x, y, z) in G is not always the order of (xq, yo; -^o) in L. 

By Proposition p. 2. 2 , if G has a c-triple of order k, then k divides at least one of the 



ga- Just as in the case of commuting triples, there is a converse to this statement: 

Proposition 9.2.6 Let k be a positive integer. There is a c-triple of order k in G if and 
only if k divides at least one of the ga- 



Proof. The "only if direction follows from Proposition 9.2.2| . Conversely, suppose that 
k divides at least one of the ga- Choose x to be any element in the face f^{k). Then k 
divides the order of Tor {{Q^ /Q^ {x))yj^). It then follows by Corollary |8.6.10| that there is 
a choice of y such that is a c-pair and such that k divides the order of 7ro(Z(2;, y)). 

Choose a, z G Z{x,y) mapping to an element of order k in ■KQ{Z{x,y)). Then {x,y,z) is a 
c-triple in G of order k- □ 



9.2.2 A normal form for c-triples of order k 

Suppose that x is a c-triple and that S, L are as above. Write x = {siXq, S2yo, s^^zq) where 
the Si G S and (xo,yo!-2o) £ L- Let L = Yl^Li be the decomposition of L as a product of 
simple groups and let c = ci • • • c^ be the corresponding decomposition of c. We can write 
Xq as a product of elements xo,i, and similarly for yo, zq- An alcove for L is a product 
of alcoves for the Li- Likewise, the root system ^d^o) on (tL)^" is a product of the root 
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systems ^aixo^i) on (1^-)"''=*. If (a^o^yo) is a c-pair in L, we say that (xo,yo) is in normal 
form for the product of the Bi if each Cj-pair (xo,j,yo,i) is in normal form for Bi. 
With this notation, we have the fohowing: 

Proposition 9.2.7 Suppose that k divides at least one of the ga for a £ Ac- Let S C T^'^ 
be the torus whose Lie algebra s is parallel to the face f^ik) of A'^. Let L = DZ{S), and 
let ti = tn Lie(L) = S"*-. Let xq be the unique point such that (s + f'^{k)) n = {xq}, and 
let xq = exp(xo) € L. Finally let yo = syi, where yi is such that (xo,yi) is a special c-pair 
in normal form and s is the exponential of the products of the barycenters of the alcoves Bi 
for the root systems ^aixo^i) in the simple factors of L. If x is a c-triple of order k in G, 
then there are elements si,S2;S3 in S and zq £ L such that {siXq, S2yo, s^zq) is a c-triple 
conjugate to x. 



Proof. Write x = {x,y,z). Let 5 be a maximal torus for Z{x.). By Proposition |9.2.2| , 
possibly after conjugating x, we can assume that S is the torus whose Lie algebra is parallel 
to f^ik) and that x is the exponential of an element of f^ik). Thus x = siXq for some 
si G S. There are 82,83 S S such that y = 82yo and z = s^zq, where yo,ZQ G L. After 
a further conjugation in L, we can assume that {xQ,yQ) is a c-pair in normal form for L. 
Note that (xo,yO)-2o) has rank zero in L. It then follows from Proposition 9.1.4 , applied to 
the simple factors of L, that yo is as described in the statement of the proposition. □ 



9.2.3 More on the group L 

Let X be a c-triple in G, let 5 be a maximal torus for Z(x.), and let L = DZ[S). 

Proposition 9.2.8 Let uq = gcd{ga}- The following are equivalent: 

1. The order k of the c-triple {x,y,z) divides uq. 

2. S is conjugate to S^". 

3. L is conjugate to L^ = DZ^S"""). 

4. Every simple factor of L is of type An for some n. 

Finally, there is at most one simple factor of L which is not of type A>^. 

Proof. As in the case of commuting triples, since the Dynkin diagram of L is a proper 
subdiagram of the Dynkin diagram of G, L can have at most one simple factor which is not 
of A„-type. This proves the last statement. 



To prove the equivalences of the proposition, first note that, by Proposition 9.2.2, S 



S^" if and only if k divides (fe for every a. Thus (1) is equivalent to (2). If 5 = S^", then 
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by definition L = DZ^S'^") = L^. Thus (2) implies (3). Conversely, if L = Lc, then S is 
the torus associated to the intersections of the kernels of the roots of Lc, and thus S = S^". 



Since, by Proposition |3.4.1j , all simple factors of Lc are of type A^, (3) implies (4). 
Finally, we show that (4) implies (3). Let (xo,yo,-Zo) be a c-triple of rank zero in L such 
that {x,y,z) = {siXq, S2yo, s^zq), where the Sj S S. Write xq = rii^o.i) where the xo,i lie 
in the simple factors Lj of L, and similarly for yo,zo. Since Li is of type An for some n, 
(xo,i, yo,j) is a rank zero q-pair in Lj. It follows that L contains the rank zero c-pair (xq, yo)- 



Since c G L, it follows by Lemma 3.3.1 that C L. Since L contains a rank zero c-pair, it 



follows that L C Lc- Thus L = L^. □ 

We can say more about L in case there is a simple factor not of type A^. 

Proposition 9.2.9 Suppose that L contains a simple factor, not of type An, and write 
L = Lq X Y[i=i L'ij where Lq is simple and not of type An, and the Li are simple and of 
type An for i > 1. Let c = Yll^QCi be the corresponding decomposition of c. Finally let 



Lo,co the subgroup of Lq associated to the element cq G CLq as in Section \3.^ . Then 
Lc = Lq co ^ nj=i -hi- 



proof. Since cq € Lqcq, we have c £ L 



111=1 Li- Moreover, Lq. 



CO 



Li is a 



product of groups of A„-type, and c projects to a generator of the center of each factor. 
The result now follows from Lemma 3.4.2. □ 



9.3 The number of components 

Our goal here is to describe the number of components of Tg{c) of order k and to identify 
each such component explicitly. We will postpone the explicit determination of the Weyl 
group W{S, G) to Section |l^, however. 

Suppose that k divides at least one of the Qa for a G Ac. We keep the notation of 
Proposition |9.2.7| . In particular, let xq be the unique point such that (s + /^(/c))ntL = {xq}, 
and let xq = exp(a;o) G L, and let yo = syi^ where yi is such that (xq, yi) is a special c-pair 
in normal form and s is the exponential of the products of the barycenters of the alcoves 
Bi for the root systems ^aixo^i) in the simple factors of L. Then (xq, yo) is a c-pair in L. 

Proposition 9.3.1 Let x be a c-triple of order k in G. Then x is conjugate to a c-triple 
of the form [siXQ,S2yo-,s^ZQ) where XQ,yQ are as above, zq £ L and si, 82,83 G S. Denote 
by ip{x) the class [zq] G 7ro(ZG(xo, yo))- 

L ip{x) is well-defined and depends only on the conjugacy class of x. 

2. ip is constant on the components of Tg{c) of order k in G. 

3. ip{x) is of order k. 
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4- ip induces a bijection from the set of components of Tg{c) of order k in G to the set 
of elements of order k in TTo{ZG{xo,yo)). 



Proof. By Proposition 9.2.7 , x is conjugate to {siXq, S2yo, ssZq) as claimed. To prove 
Part (1), it is clearly sufficient to show the following: suppose that {siXq, S2yo, s^zq) 
and (^i^o, t2y0) ^s-^o) are two c-triples which are conjugate in G. Then [zq] = [zq] in 



7ro(ZG'(xo, yo))- By Theorem |2.3.1| , there is a. g G Ng{S) such that 



'i9{xo,yo,zo) = {uiXo,uiyo,U3ZQ), 

where Ui £ S H L. Moreover we can assume that g G Ng{T). Clearly [z'q] = [^^(^^o)]) and 
we must show that [zq] = [ig{zo)]. 

First note that, since [g, yo] G CL C T, ig commutes with Wc, and thus ig acts on T'^" 
and hence on ttq{T'^''). In particular ig acts on Lc- By Lemma 9.1.13, the center CG surjects 
onto 7ro(r"''=), and so the induced action of ig on 7ro(r"''=) is trivial. 

Since S D L Q CL, the inner automorphism ig defines an automorphism of Zi(a;o,yo)- 
Moreover, [zq] is the image of the corresponding element of 7ro(Zi(xo, yo)) under the natural 
homomorphism p: 7ro(.^L(2;o, yo)) — *■ '^oiZG{xo,yo))- We must show that poig = p. We may 
write L = Lq X Yl^^i Li, where the Li are simple groups of An type and Lq is either trivial 
or a simple group not of type An- Clearly ig preserves the factors Lq and nj>i ^i- There 
is a corresponding direct sum decomposition 

7ro(ZL(xo,yo)) = 7ro(ZLo(xo,o,yo,o)) ® ^■^o{ZL,{xo,i,yo,i)), 

i>l 

where the xo,i,yo,i are the projections of xq, yo to the factor Lj. We analyze the action on 
each of these factors separately. 

The group Yli>iLi is a subgroup of Lc- Thus the map 0j>;^ 7ro(ZL. (xo,i, yo,j)) ^ 
7ro(ZG'(xo,yo)) factors through 7ro(ZL^(xo, yo))- On the other hand, 7ro(ZL^(xo, yo)) = 
ZLc{xQ,yQ) = CLc- Since CLc C T""", the map 7ro(2'i^(xo, yo)) 7ro(ZG(xo, yo)) factors 
through 7ro(T"''=). But as we have seen, ig acts trivially on 7ro(T'^'=). Thus, for any element 
e ©i>i7ro(-^L,(xo,i,yo,i)), we have p{ig{C)) = PiO- 

Now consider the action of ig on TTQ{ZLg{xQfi, yo,o))- Since ig defines an automorphism of 
Zl^ which sends (xo.cyo.o) to an element of the form (i'ia;o,o, ^^2yo,o)! where the Vi G CLq, 
it follows from Lemma |9.1.8| that the action of ig on '7ro(Zio(xo,0) yo,o)) is trivial. Thus, 
for ^0 G 7ro(ZLg(xo,o,yo,o)), PiigiCo)) = p{^o)- It follows that poig = p, and finally that 
[zo] = [*g(-2o)] as claimed. 

To see (2), if the conjugacy class of x' = {x' , y', z') is in the same component of Tg{c) 
as that of x, then after conjugation we can assume that {x',y',z') = (tixo, t2y0) ^s^o) for 
ti £ S. Then by the definition of ip and the fact that it is well-defined, we see that 

V^(x') = N = V'(x). 

To see (3), set xo = (xo,yo,2:o)- Then ip{x) = V'(xo) = [-^o]- On the other hand, xo is 
a c-triple in the same component of Tg{c) as x, so by Corollary |9.2.5| , the order of xq is k. 
By definition, this is the order of [zq] = V'(xo) = V'(x) in 7ro(ZG(2;o, yo))- 



93 



Finally, we prove (4). Suppose that = V'(x2)- Then the conjugacy class of xi is 

in the same connected component of Tg{c) as that of {xo,yo, zi), say, and the conjugacy 
class of X2 is in the same connected component of Tg{c) as that of {xo,yo, Z2), where zi 
and Z2 lie in L and differ by an element of Z^(xo,yo)- Hence the classes of {xo,yo,zi) and 
(xo,yo;-22) are in the same connected component of Tq{c), as are those xi and X2. Thus 
tjj is injective on the set of components, and its image is contained in the set of elements 
in 7ro(ZG'(xo, ?/o)) of order k. To see that it is surjective, choose any element of order k in 
7ro(ZG'(xo, yo)); represented by [zq], say. Then (xo,yO)-2^o) is a c-triple of order k, and by 
construction ^/>(xo, yo; -^o) = [zq\. □ 



Corollary 9.3.2 If k divides at least one of the Qa for a £ A^, then there are exactly (p{k) 
components ofTdc) of order k in G. 



9.4 Proof of Parts 1,2,3 of Theorem [TXTl for (C) cyclic 

We assume that (C) is cyclic. Part 1 of Theorem 1.5.1| is contained in Proposition |9.2.2 . 



Part 2 of Theorem 1.5.1 is contained in Proposition 9.2.5. The first statement of Part 



3 of Theorem |1.5.1 is Corollary |9.3.2 . Let X be a component of Tq{c) of order k. Let 
S = S^''{g,k). Since X is the quotient of 5'^ by a finite group, Part (1) implies that 
dx = ^dimX + 1 is equal to the number of a such that k\ga- By the first statement of 
Part (3) and Lemma 3.7.6| , 



X 



aGAc 



aGAc 



9.5 Proof of Part 4 of Theorem |1.5.1| for (C) cyclic 



Theorem 9.5.1 Let X he a component ofTcic). Associated to X is the torus S and the 
group L = DZ[S). Decompose L = Lq x L' where Lq is either trivial or is a simple group 



not of An-type for any n > 1. If Lq is trivial, the map p of Theorem \2.3. l\ induces a 
homeomorphism from 

(SxSx S)/W{S,G) 

to X . If Lq is not trivial, then the map p of Theorem \2. 3. i| induces a homeomorphism from 

(SxSx {S/IC))/W{S,G) 
to X where K, is a subgroup of order at most 2 in CLq. 



Proof. Let F = S D L. There is an action F x F x F on the set of all conjugacy classes 
of rank zero c-triples in L. By Lemma 9.1.1C and Lemma 9.1.11, the action of F on the first 
two factors is trivial. We analyze the action of F on the last factor. Write c = cqc' with 
Co G CLq and c' G CL' . There is an inclusion SCiL C CL. Since L' decomposes as a product 
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of groups of An-type. It is easy to see that CL' acts freely on the moduli space of c'-triples 



in L'. According to Lemma 9.1.12 the stabilizer of a conjugacy class of co-triples in Lq is 
the intersection CLq n S^^o , which is a subgroup /Co C CLq of index given by the gcd of the 
quotient coroot integers for Lq. The two possibilities for Lq when dim(S'"'=) > are Lq of 
type C2 or Dq. In both these cases, ICq is of order 2 and may be described explicitly. We 
let /C be the intersection S" n /Co ^ S D L. Clearly, /C has order at most 2, and is trivial if 
Lq is trivial. 

Thus, the stabilizer in F"^ of any c-triple of rank zero in L is equal to F x F x !C where 
/C is trivial if Lq is trivial, and /C has order at most 2 if Lq is non-trivial. Finally, it follows 



from Lemma 9.1.9| that the Weyl group of S acts trivially on the set of conjugacy classes 



of rank zero c-triples in L. The theorem now follows from Theorem 2.3.1. □ 



The possibilities for /C and the component X in case Lq is not trivial are as follows: 

• If G is of type Bn, and hence Lq = L is of type C2, then /C = CL = S H L has order 
2, andX = (S xS xS)/W{S,G). 

• If G is of type C2n, and hence Lq is of type C2, then /C is trivial and X = (S x S x 

S)/W{S, G). 

• If G is of type D2n, and hence Lq is of type Dq, then /C is trivial and X = {S x S x 
S)/W{S,G). 

• If G is of type Ej, and hence Lq = L is of type Dq, then IC = S H L has order 2 and 
X = (S xS xS)/W{S,G). 

This explicit list completes the proof of Theorem [L.5.1| in case (G) is cyclic. 

10 The tori S{k) and 5^'^(g, /c) and their Weyl groups 

Let $ be an irreducible but possibly non-reduced root system on a vector space t with set 
of simple roots A. Let ^ C t be the alcove associated with A, and let d be the highest root. 

Definition 10.0.1 Fix a positive integer no and let n: A — > N be the function nog. Fix 
an integer k > 1 dividing at least one of the integers {n(a)}^g^. Let I{n,k) = {a £ A : 

k /n(a)}. Note that /(g, k) = I{k) as previously defined. More generally, if we factor k as 
dk' where d = gcd(fc, no), then I(n, k) = I{k'). Let /(n, k) d Ahe defined by 

/(n, k) = {x £ A: a{x) G Z for ah a G 7(n, k) }. 

Let f{n,k) be the affine space generated by f{n,k) and let t(n, fc) be the linear space 
parallel to f{n,k). Notice that if no = 1, then /(n, fc) = f{k) and t(n. A;) = {{k) as 
defined in Theorem |1.4.1| . More generally, if we factor k as dk' where d = gcd(A;,no), then 
/(n, k) = f{k') and t(n, k) = i{k'). 
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10.1 A root system on f{k) 

Let /c > 1 be an integer dividing at least one of the ga- We denote by the subroot 
system of ^ consisting of all roots which annihilate t{k). Suppose that $ is reduced and 
let be the set of positive roots for Recall from Proposition 5.5.5| and Claim 5.5.6| 



that ^^{k) = n ^{k) is a set of positive roots for ^{k) and that A(/c), the set of simple 
roots determining this set of positive roots, is given by A(/c) = I{k) U {b} for some root 
b £ ^{k), where I{k) = I[k) n A. Furthermore, the root system $(/c) is irreducible and d 
is its highest root. Writing = 'Yla&i{k) d'a'^^ + d'b^^ ■> have that g'^ = k. Furthermore, 
for every a G I{k) the coroot integer 5^ is not divisible by k. 

We let u denote the subspace of t spanned by the coroots inverse to the roots in $(/c). 
Thenu = t(A:)^. 

Lemma 10.1.1 Let xq = f{k) Plu and let A{k) be the alcove in u determined by the set of 
simple roots A(A;) for <I>(/c). Then xq is the vertex of the alcove A{k) for ^{k) opposite the 
face defined by {6 = 0}. 

Proof. Each a G I{k) vanishes on f(k) and hence on xq. Similarly, (i(xo) = 1- This 
proves that xq is the vertex of ^(A;) opposite the face {6 = 0}. □ 

Lemma 10.1.2 Suppose that g G Wafr($) and the differential w of g normalizes t{k). Then 
there is an element w' E VF($(/c)) such that w'w normalizes f{k). 

Proof. Suppose first that <I> is reduced. Since w normalizes i{k), it normalizes u and hence 
it also normalizes the root system $(A;) on u. Thus, w{xo) is the vertex of an alcove A'{k) for 
$(A:) containing the origin. There is an element w' £ W{^{k)) such that w'{A'{k)) = A{k). 
Then w'w is an automorphism of A{k). Since 6 is the unique element of A(A;) for which the 
coroot integer g'^ is divisible by k, the root b is fixed by any automorphism of A(A;). Thus, 
xq is fixed by w'w. Since w'w fixes xq and normalizes t{k) it normalizes f{k). 

If $ is not reduced, then $ is of type BCn for some n. The fundamental relation among 
the coroots in this case is of the form 



+ 2a'( + ■■■ + 2a^_i + a. 



V 



where a = —d. Thus, /(2) = /(2) = {a^}. (The difference here is that the coefficient of dy 
is not one, as it is for reduced root systems.) This implies that /(2) is the face of A given 
by the equation {a„ = 0}, and so /(2) is a linear subspace. Hence /(2) = t(2), and the 
statement of the lemma is obvious. □ 

Corollary 10.1.3 Every element w £ W{t{k),^) has a representative w G -^VK($)(/(^))- 
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Lemma 10.1.4 Suppose that $ is reduced. Any x' £ f{k) is equivalent under the action 
ofWs_{f{^) to a point in f{k). 

Proof. We may assume that <^> = <I> (T, G) for some simple group G with maximal torus 
T. We set S{k) = exp(t(A;)) and let L{k) = DZ{S{k)). Let xq = exp(xo) G L{k) and let 
(xo,?/0;-2o) be a commuting triple of order k and rank zero in L{k). Then Zcix^^yQ, zq) 
has ^(A;) as a maximal torus. Let x' E f{h) and let x' = exp(x'). Then (x',yO)-2o) is a 



commuting triple of order k in G. Then according to Part 3 of Proposition 5.5.1, the point 
x' is conjugate in G and hence in VF(<I') to a point which is the exponential of a point in 
f{k). Hence, x' is conjugate under VFafr(*^') to a point of f{k). □ 



Corollary 10.1.5 Suppose that ^ is irreducible hut not necessarily reduced. The alcove 
decomposition oft induces a decomposition of f{k) into compact convex regions with disjoint 
interiors. Let A{k) he this decomposition. Then f{k) G A{k). Moreover, the action of 
^w^{i{^)if{k)) on f{k) preserves the decomposition A{k) and is transitive on A{k). 

Proof. First let us consider the case when $ is reduced. Clearly, N^/^^(^^•^{f{k)) acts on 

f{k) normalizing A{k) and f{k) is one of the elements of this decomposition. Suppose that 
Ai is an element of this decomposition. Let x' be an interior point of Ai. According to the 
previous lemma, there is an element g £ WafT($) which conjugates x' to a point of f{k). 
Since there are only finitely many elements of IVafr(^) which conjugate Ai so as to meet 
f{k), it follows that there is some element g G VFafr($) which conjugates an open subset of 
Ai into f{k). This element normalizes f{k) and hence sends Ai onto /(fc). This proves the 
transitivity statement in the reduced case. 

If $ is not reduced, then it is of type BGn for some n, k = 2 and /(2) is the linear sub- 
space spanned by the coroots of the subsystem BGn-i- The induced alcove decomposition 
of /(2) is exactly the alcove decomposition for BGn-i- Since Nyi/^^(^i^^{f {2)) contains the 
affine Weyl group of BCn-i, the lemma is clear in this case. □ 



Lemma 10.1.6 If g £ VFaff($) has the property that there is an element of the decomposi- 
tion A{k) normalized hy g, then g\f{k) is the identity. 

Proof. Let Ai be an element of A{k) such that g{Ai) = Ai. Let A be an alcove for 
<I> containing Ai in its closure, and let B = g{A). Then B also contains Ai, and hence 
Ar\ B contains Ai. But the unique element of Waff($) taking A to B fixes pointwise the 
intersection Ar\ B. Thus, g\Ai is the identity, and consequently g\f{k) is the identity. □ 
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Corollary 10.1.7 Define W^siRk)) be Nw^^^^){f{k))/Zw^^^^){f{k)). Then W^sifik)) 
acts on f{k) as a group of affine isometries. It acts simply transitively on the elements of 
the decomposition A{k). 

Proposition 10.1.8 The reflections of f{k) in the walls of f{k) are realized by elements 
in Wasifik))- These reflections generate Wss{f{k)) which is thus a Coxeter group with 
fundamental domain f{k). 

Proof. Consider an element Ai for the decomposition A{k) which shares a codimension- 
one wall with f{k). Let g be an element of Nwa.B{^)^f^^)) which sends f{k) to Ai. This 
affine isometry of f{k) fixes the intersection of f{h) and Ai, which is a codimension-one 
affine subspace. Thus, it is a reflection in this subspace. This shows that the reflections in 
the walls of f{k) are elements of Ws.s{f{k))- Since Ws.s{f{k)) acts simply transitively on the 
elements in the decomposition A{k)^ it follows that these reflections generate W^s{f{k)). □ 



Corollary 10.1.9 There is a reduced root system ^[i[k)) on i(k) and a vertex v of f{k) 
such that, using v to identify f{k) with i{k), the affine Weyl group of ^{i{k)) is identified 
with W^Q{f{k)). 

Proof. The follows immediately from the fact, established in the previous proposition, 
that Wss{^{f {k)) is a Coxeter group. □ 

Corollary 10.1.10 We define an embedding of — {k) into i{k) by sending to 
T^kio^)) where tt^ is the orthogonal projection. Up to positive multiples A"^ — I"^ {k) C i{k) 
is the set of extended coroots for the root system ^{t{k)). In particular, the Weyl group of 
t{k) in ^ is the group generated by reflections in the A^ — I^ {k). 

Proof. Since the walls of the alcove f{k) C f{k) are the subspaces of f{k) orthogonal to 
the TTkicL^) for G A^ — I{h), the first statement is clear. Clearly, the image under the 
differential of VFafr(/(^)) = -^vi/aft{"5)(/(^))/-^VFaff (*)(/(^)) is contained in the Weyl group of 
i{k). By Corollary |10.1.3| this map is onto. By Proposition |10.1. Was{f{k)) is generated 



by the reflections in the walls of f{h). The image under the differential of these reflections 
is the set of reflections of t(A;) in the 7rfc(a'^) for a G A — I{k). □ 

Lemma 10.1.11 The lattice generated by 7rfc(a^) for a G A — I[k) is the image under the 
orthogonal projection of the coroot lattice Q"^ . 

Proof. Since A spans Q"^ and since 7rA;(a'^) = if a G /(fc), this is clear. □ 
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Proposition 10.1.12 The coroot lattice of^{t{k)) is iTk{Q^). 



Proof. The coroot lattice of ^{t{k)) is identified with the group of translations of f{k) 
which occur as restrictions of elements of VFag ($) normalizing f{k). 

Let A € Q^. Translation by A carries f{k) to an affine subspace /i of t which meets u 
in a point of the form xq + C where ( is an element in the dual to the root lattice of <I>(A;). 
In particular, [C] G u/Q^($(/c)) is an element of C<^>{k) = P^(^>(/c))/Q^($(A;)). But since 
xq is the vertex of A{k) opposite the wall {b = 0}, and b is the unique element in A{^(k)) 
whose coroot integer is divisible by k, it follows that the action of C$(/c) on A{k) fixes xq. 
Thus there is an element w G W^si^ik)) such that w{xo + () = xq. The composition of 
translation by A followed by w is an element of VFafT(*^?) normalizing f{k) and acting on 
it by translation by 7rfc(t(;A) = 7rfc(A). This shows that ■Kk{Q'^) is contained in the coroot 
lattice of ^>(t(A;)). 

Conversely, suppose that w G Wa,s{^) normalizes f{k) and acts on it by a pure trans- 
lation. We write w{x) = wq{x) + A where A G Q"^ and wq is in the Weyl group of ^. The 
element wq normalizes i{k) and hence u so that ^0(^0) = xq — Q for some G u. Thus, 
w{xo) = xo + (A — C). Since this element restricts to f{k) to give a translation, its restriction 
is translation by 7rfc(A — C)- Since G u = Ker(7rfc), we have 7rfc(A — C) = T^k{^) G iTkiQ'^)- ^ 



Theorem 10.1.13 The reduced root system $(t(A;)) on i{k) has Weyl group equal to the 
Weyl group of t{k) in <I>. It has coroot lattice equal to TTkiQ'^)- If dimt(fc) > 1, then 
ieA-7(A:) '^^ ^xi^'iT'ded set of coroots for <I>(t(A;)). 



Proof. Everything except the last statement is contained in Corollary 10.1.10 and Propo- 
sition 10.1.12| . Since 7rfc(a^) G vrfc(Q^) and since these form, up to positive multiples, a set 
of extended coroots, to complete the proof we need only see that the 7rfc(a^) are indivisible 
elements of TTkiQ"^)- This will follow from the next lemma. 

Lemma 10.1.14 Writing 6^ = SagA-/(fc) "^"^^ + 5^ae/(fc) ^f^^' '^f following 

holds: 

1. The cardinality of A — I{k) is one and the unique rua is one; 

2. There are at least two a G A — I{k) for which rUa = 1. 



Proof. We have 



a&I{k) \aeA-I(k) a&I{k) I a6A 



Thus, for a G A — /(/c), Qa = krua, and the remaining Qa are not divisble by k. The result 
then follows from Lemma 3.7.5| . □ 
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Now let us return to the proof of the theorem. Since I{k) U {5} is a set of simple roots 
for ^{k), we have an exact sequence 

0^ J2 Zla"") e Z(6^) ^ Z(a^) ^ 7rfc(Q^) ^ 0. 

ae/(fc) aGA 

We can rewrite this sequence as 

^ Z(6^) ^ Yl Z(a^) ^ 7rfc(Q^) ^ 0. 

aGA-/{fc) 

According to Lemma |10.1.14| , the image of in T^kiQ'^ is X^aGA-7(fc) '^a^^ where either 
the cardinality of A — I[k) is one or there are at least two a G A — I{k) for which rua = 1- 
In the first case t(A;) is a point. In the second case, it is easy to see that the image of each 
G A - I{k) is indivisible in -KkiQ^)- □ 

Let us return to the case of a general function n = ngg. Then /(n, k) = I{k') and 
t(n, A;) = i{k') where k' = k/gcd{nQ,k), and thus ^{t{n,k)) = <I>(t(/c')). The following is 
then an immediate corollary of Theorem |10.1.13 . 

Corollary 10.1.15 The Weyl group oft{n,k) in ^ is the Weyl group of the reduced root 
system $(t(n, A;)). The coroot lattice o/$(t(n, A:)) is iTkiQ'^)- //dimt(n, /c) > 1, then 
{7rfc(a^)}^g^_j. is an extended set of simple coroots of ^{t{n,k)). 



10.2 Completion of the proof of Theorem 1.4.1 



To complete the proof of Theorem |l.4.l| we must show that the torus ^(A;) and the Weyl 
group ^^(^(A:),^) are as described in Part 5 of the statement of that theorem. This is 
immediate by applying Theorem 10.1.13 to the root system <I> = 



10.3 Completion of the proof of Theorem |1.5.1| in case (C) is cyclic 

Let us assume that (C) is cyclic and generated by c. It remains to establish that 5^'^(g, k) 
and W{S^''{g, k), G) are as given in Part 5 of the statement of that theorem. 

Lemma 10.3.1 Every element in W{S^''{g,k),G) has a representative in the Weyl group 
of G which normalizes S^" . 



Proof. Set S = 5""=(g, A;) and set L = DZ{S). According to Theorem |2.3.1| , there is 
a c-triple {xo,yQ,zo) of rank zero in L, and 5 is a maximal torus of ZG{xo,yo^ zq). By 
Corollary 6.1.8 we can assume that (2:0,2/0) is a c-pair in L in weak normal form with 
respect to T n L. 

Let g G Ng{T) normalize S. Then g also normalizes L and g{xo,yo, ZQ)g^^ is another 
c-triple of rank zero and order k in L. Thus, by Proposition 9.1.7 this triple is conjugate 
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by an element /i G L to a triple of the form {xqjI/QjZq) for some ^ G Z. In particular, 



hg{xo,yo)g ^h' 



{^OiUo)- Since {xo,yo,zo) is a triple of rank zero in L, the centralizer 



Z^{xo, yo) is a torus. Suppose that a root of G with respect to T annihilates S -xq and S-yo. 
This root then annihilates S, and hence is a root of L with respect to Tn L annihilating xq 
and yo- But we have just seen that there are no such roots. Thus, Zq{S ■ xq, S • yo) is also 



a torus. Since {xo,yo) is a c-pair in weak normal form. Lemma 3.3.1 implies that S^" C 
ZQ{xo,yo) is a maximal torus. Because hg fixes (xo,yo) and normalizes S, it normalizes 
Zq{S ■ xo, 5 • yo) = 5'"'''. Clearly, the image in W{S, G) of hg is equal to that of g. □ 



Let us consider the root system (^^^°^{wc) on t"'''. According to Proposition 6.2.6 
irreducible, but possibly not reduced. Let g: Ac — > N be the function defined by g(a 

and the function g produces the subspace t 



it is 



Applying Definition 10.0.1 to t 



given in Definition 9.2.1 



ga- 

{g,k) as 



We know by Proposition 7.2.4 that the elements are the extended set of coroots for 



the root system ^{wc) of Definition 7.2.5 . Of course, ^{wc) has the same Weyl group and 
coroot lattice as ^p^°^{wc)- In particular, its coroot lattice is the orthogonal projection 
into t"'". Corollary 10.1.15| applied to ^{wc) and Ac then irnplies^hat the lattice generated 
by the images under orthogonal projection to {^"{gjk) of Ac — Idk) is exactly the image 
under orthogonal projection of Q"^ , and that the Weyl group of t"'=(g, k) with respect to the 
root system $P'"°j(i(;c), or equivalently with respect to the root system ^{wc), is the group 
generated by reflections in the images under orthogonal projection of the G Ac — Idk). 
By Proposition 7.1.5 , the Weyl group of $P™-i(t(;c) is equal to the Weyl group of i^" in G. 
Thus, we see that the group generated by the reflections in the images under orthogonal 
projection of the G Ac — Ic{k) is equal to the subgroup of the Weyl group of t"'''(g, k) 



realized by elements normalizing both t'^''(g, k) and 
entire Weyl group of t"''=(g, k) in G. 



By the previous lemma, this is the 



10.4 The generalized Cartan matrix associated to — /^(n, k) C t(n. A;) 

Let ^ be an irreducible, but possibly non-reduced, root system on t with extended set of 
simple coroots A. Let D be the extended coroot diagram of Fix a function n: A — > N 
of the form ngg for some positive integer no and fix A; > 1 dividing at least one of the 
integers no5a- Let £: A"^ R"*" be the length function determined by the inner product on 
t. Fix A: > 1 dividing one of the integers no5a- Let vr^, denote orthogonal projection from 
t to t(n. A;). Consider the image under orthogonal projection of A^ — l'^{n,k). According 
to Theorem |10.1.13 , vr^ embeds A^ — /^(n, A;) C t(n. A:) as a set of extended coroots for 
a reduced root system $(t(n,A;)). In Definition |l.7.2| we defined a diagram D{n,k) with 
nodes A^ — /^(n, fc). On the other hand, by Corollary 10.1.15 , the set {7rfc(a^) : G 
A"^ — I^{n,k)} C $^(t(n. A;)) is an extended set of simple coroots for the root system 
$(t(n. A;)), whose Cartan integers are given by 



, (7rfe(aV),7rfc(6^)) 
'(7rfe(6V),vrfc(6V)) 
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Let Do{n,k) be the corresponding extended coroot diagram. Orthogonal projection iden- 
tifies the nodes of D{n, k) with those of -Do(n, k). 

Theorem 10.4.1 Under the above identification of the nodes, the diagrams D{n,k) and 
DQ(n,k) coincide. 



Proposition 1.7.3 is an immediate corollary of Theorem 10.4.1. We will prove Proposi 



tion |1.7.1| in the course of proving Theorem 10.4. 1| . 



Since /(n, fc) = I{k') where k' = k/gcd{k,no), without loss of generality, for the rest of 
this subsection, we assume that n = g and drop it from the notation. In particular, we 
denote D{g,k) and Do{g,k) by D{k) and Do{k). 

If A; = 1, then I(k) = 0, vr^ is the identity and there is nothing to prove. Thus, from now 
on we assume that A; > 1. This implies that $ is not of type An and hence D is contractible. 
Let D'{k) be the sub-diagram of D{^) = D spanned by the nodes of I{k). 

Lemma 10.4.2 Let a"^ y E -/^(Z;;). 

1. The node of D corresponding to is not connected in D to any node of D'{k) if and 
only if £ 

2. Ifa^ G i{k), then (a^,6^) = (7rfc(a^), 7rfc(5V)). 

3. Suppose that a^,6^ are adjacent nodes of D. Then (7rfc(a^), 7rfc(6^)) = {a'^,b'^). 

4- If ay and b"^ are not adjacent nodes of D and if they are not connected to a common 
component of D'{k), then (7rfe(a^), 7r/;(6^)) = 0. 

5. If and 6^ are not adjacent in D , but and b^ are connected to a common 
component of D'{k), then (7r,fc(a^), 7rfc(6^)) < 0. 

Proof. The subspace u is the span of the coroots inverse to the roots represented by 
nodes of D'{k). As such it decomposes as an orthogonal sum of the subspaces Uj indexed 
by the connected components of D'{k). The factor Uj corresponding to a component is the 
subspace of u spanned by the coroots inverse to the roots represented by the nodes of that 
component. 

The coroot is contained in t(A;) if and only if it is orthogonal to all the coroots 
inverse to the roots corresponding to nodes of D'{k). This is equivalent to the node of D 
corresponding to not being connected in D to any node of D'{k). 

The second item is clear. If G t(A:), then7rfc(a^) = and (7rfc(a'^), 7rfc(6^)) = (a^,6^). 

If and b^ are adjacent nodes of D, then since D is contractible, a"^ and b"^ are not 
connected to a common component of D'[k). This means that the projections 7ru(a^) and 
7ru(6^) are orthogonal, where vTu denotes orthogonal projection to u. The third item follows. 

Suppose that and b^ are not adjacent and are not connected in to a common com- 
ponent of D'{k). Then there is no factor Uj of u with the property that the orthogonal projec- 
tions of both a"^ and 6"^ into Uj are both non-trivial. Thus, (7rfc(a^), 7rfc(6^)) = {a^ , b"^) = 0. 
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Lastly, if and 6^ are not adjacent in D then (a^, 6^) = and hence (7rfc(a^), 7rfc(6^)) = 
— (7ru(a^), 7ru(6^)). Thus, we complete the proof by showing that, under the hypothesis of 
Part 5, the inner product (7ru(a'^), 7ru(6^)) > 0. Let Uj be the subspace spanned by the 
coroots inverse to the roots corresponding to the nodes of the component of D'{k) connected 
to both and . By Theorem |3.5.1 , the component of D'{k) connected to both and 



6^ is of type An for some n > 1. Furthermore, if {a^, . . . , a^} is the set of simple coroots for 
this component given by the nodes of D'{k), then is connected to a unique and is 
connected to a unique aj. Thus, '7ru^(a^) is a negative multiple of the fundamental coweight 
Tu'^. for the root system corresponding to D'(k), and likewise tTu^Q)^) is a negative multiple 
of w'^. . The following computation in An shows then that these vectors have positive inner 
product. 

Lemma 10.4.3 Let ai,...,an be the simple roots in An, ordered so that (aj,aj+i) = — 1 
for 1 < i < n — 1, where (•, •) is the standard Weyl invariant inner product. Let zua^ be the 
fundamental weight corresponding to ai. Then for i < j, 



n + 1 

Proof. This is a straightforward computation. □ 

Corollary 10.4.4 Let a"^ ^ G A^-I^(/fc). Then {'Kk{a^),'Kk{b"^)) < if and only if either 
and b"^ correspond to nodes of D which are adjacent in D, or correspond to nodes of D 
which are connected in D to a common component of D'{k). 

In particular, the corollary tells us which nodes in Do{k) are connected by a bond in 



the diagram. This agrees with the recipe given in Part 1 of Definition 1.7.2 for D{k). To 
determine the multiplicities and directions of the bonds in Dg^k), we compute the lengths of 
the TTk{a^). Suppose that G -J^(^)- ^et {a\, . . . , a^} C I"^ (k) be the nodes of D'{k) 
that a meets. Since by hypothesis D is contractible, the are simple coroots of distinct 
irreducible factors of ^{k), and hence are mutually orthogonal. We have '^^,gbb'^ = and 
56 = (mod k) for all 6^ ^ /^(A;). Since n(aV, 6^) = for all 6^ g Jy (k) - {a^, . . . , a^}, 
we have 

r 

J^n(a,^a^)<7a, =0 (mod A:). (11) 
1=1 

Of course, in the above congruence, each gf^j is not divisible by k. 

If A"^ — L^ [k) is a single node, then clearly this node is of Type oo in the terminology 
of Proposition |l.7.l| . Thus, we can assume that the cardinality of A"^ — (k) is at least 2, 
and hence that 7rk{a^) / for every G A^ — l'^{k). This rules out the root systems G2 
and BCi. Thus, from now on we assume that D has only single and double bonds. 

We shall now complete the proof of Proposition |1.7.1| and the proof that Do{k) = D{k) 
by examining the various possibilities for k. The projection of G A^ — {h) is a sum of 
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coweights of the form ro^, , where is a simple root in a root system of type A)n, and we 



shall tacitly use Lemma 10.4.3 in the calculations below in the case i = j. 
The case k = 2. 



By Theorem 3.5.1, or direct inspection in the case of BCn, all the components of D'{2) 
are of ^i-type. Number the nodes a(, . . . of D'{2) connected to in such a way that 
the nodes a^^, . . . , are of different length from and flg+i, . . . , are of same length as 
. We set t = r — s. The are mutually orthogonal. Thus, the length squared of the 



orthogonal projection of a into u is 

Since the projection of into u has length less than that of , it follows that 

t + 2s<i. (12) 

If s = 0, then i{a^) = ^{0-^) for all i, and hence n{a^,a^) = —1 for all i. From 
Equation 11 we see that t is even, and, by Inequality that t is either or 2. If s = t = 0, 



then is of Type 1 in the terminology of Proposition |l.7.l| and = TTk{a^) so that 
|7rfc(a^)| = \a"^\ = £2(0"^)- If s = and t = 2, then is of Type 2(i) and ^^(a'^p = 
|aV|2/2 = ^i(aV). 

If s = 1 and is long, then n{a^,a^) = — 1 for all i and by Equation |ll| we see 
that s + t is even. Thus by Inequality |l2|, s = t = 1. Thus, is of Type 4(i) In this 
case the length squared of the orthgonal projection of into u is (3/4)|a^p and thus 
|7rfc(aV)|2 = |aV|V4 = ^l(aV). 

If s = 1 and is short then n(a(,a^) = —2 and n{a^,a^) = —1 for i > 1 and hence 
by Equation |ll| it follows that t is even. Inequality |l^ implies that t = 0. Thus, is 
of Type 2(ii) and the length squared of the projection of a'^ into u is (l/2)|a'^p and thus 
7rfc(aV)|2 = |aV|V2 = £i(aV). ^ 

This shows that all G A"^ — I'^{2) are of Type 1, Type 2, Type 4 or Type 00, and 
that Do{2) = 5(2). 
The case k = 3. 



In this case, again by Theorem 3.5.1 , all the components of D'{3) are of yl2-type. Sup- 
pose that £ — /^(3) and that it is connected to nodes {a^, . . . , a^} of D'{3). Number 
the nodes a^, . . . , of -^'(3) connected to in such a way that the nodes a^, . . . , are of 
different length from and ffls+i, . . . , are of same length as . We set t = r — s. Since 
the are roots of distinct irreducible components of -D'(3) and hence mutually orthogonal. 
The length squared of the orthogonal projection of into u is 



2s + t 



Ia^|2. 



Since this length squared is less than the possibilities are s = 1, t = or s = 0, t < 2. 

By Equation O, we see that s = and that t is either or 2. When s = t = is of 
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Type 1 and TTk{a^) 
3 and |7rfc(a 



V\\2 



\a 



so that £3(0^ 
viV3 = ^i(aV). ^ 



4i 



= |7rfc(a^)|. If s = and t = 2, then is of Type 
/"^(S) are of Type 1, Type 3, or Type 00, and that 



This shows that all 
5o(3) = 5(3). 

The case A; = 4. Of course, the same kind of general arguments as above can be made, 
using the fact that the components of D'{4) are all of type Ai or ^43. However, the only 
case where there is a node not of Type 00 is when $ is of type Eg. It can be checked 
directly in this case that all nodes are of Type 1 or Type 4(ii) or (iii) and that the lengths 
are as stated. 

The case A; > 4. In this case only nodes of Type 00 arise. 

This completes the proof that Do(k) = D{k), and hence of Theorem 10.4.1 
course of the proof we showed that every node of A"^ 
in Proposition |1.7.1| , thus proving that result. 



In the 

/"^(fe) is of one of the types listed 



10.5 Proof of Theorem 1.7.4 



According to Theorem 1.6.2 there is a root system ^(wc) on V"^ such that the image 
under orthogonal projection of A^ is an extended set of simple coroots, and such that the 
extended coroot diagram is Z)^/(C). By Corollary [7.2. 6| , g is a positive integral multiple 
of the coroot integer function on A^. Let ^{wc, k) 



^{e"^{g,k)). Theorem 01 



follows by applying Corollary 10.1.15 and Theorem |10.4.1| to the root system ^(wc) 
function g, and the integer k. 



now 
the 



11 The Chern- Simons invariant 
11.1 An algebraic invariant of c-triples 

We introduce an invariant CSg{x) of a c-triple x, which is a refinement of the order, and 
which we will relate to the Chern-Simons invariant of the corresponding flat bundle over 
the three-torus later in this section. 

First let us record the following useful lemma concerning simple, non-simply laced 
groups. 

Lemma 11.1.1 Let G be simple and non-simply laced. Then the order of CG is at most 2. 
If the order of CG is 2, then D{G) is either a chain with two multiple bonds at the ends or 
has one multiple bond meeting one leaf and one trivalent vertex which meets the remaining 
two leaves. 



Proof. The Dynkin diagram D{G) of a simple, non-simply laced group is a chain with a 
single multiple bond. Therefore, D{G) is either a chain with at most two multiple bonds or 
has one multiple bond and one trivalent vertex. The proof is then an elementary argument 
involving the possible diagram automorphisms of D{G). □ 
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Let G be simple and let Iq be the unique Weyl invariant positive definite inner product 
on t with the property that lQ{ay,a^) = 2 for every short coroot a. It is easy to check 
that, for all roots a and all t & i, 

I^{a\t) = ^a{t). 

9a 

In particular, if a is a long root, then lQ{a^ ,t) = a{t). There is an induced inner product 
on the Lie algebra of any maximal torus of G, which we also denote by 1^. Now suppose 
that G = ni=i where the Gi are simple. Set = ifl Lie(Gi) and define Iq = Iq\ 

Lemma 11.1.2 Suppose that G is simple and that A is an extended set of simple roots 
for G. Suppose that I C A is a proper subset. Let H C G be the semi-simple subgroup 
whose complexified Lie algebra is generated by the root spaces g" for ±a G /, and let H 
be the universal covering of H . Suppose that H = Hi is the decomposition into simple 
factors, and let I = /j be the corresponding decomposition. Let t// = t H Lie(ff) and 
tj = tn Lie(i?j). Then in = 0j tj o-rid /g^ltj/ = Ylii^i^Q^ > where di is the highest root of 
Hi with respect to li and = Iq [d^ ,d^) /2. In particular, if G is simply laced or if Hi 
contains a root which is a long root of G, then ej = 1 . 

Proof. The inner product /g'l^ invariant under the Weyl group of and thus is a 
multiple of Iq\ Clearly, this multiple is I§{d^,d'()/2. □ 

Suppose that x = {x,y,z) is a c-triple and that the c-pair {x,y) is in normal form. Let 
Z{z) be the universal covering of Z{z). Choose a maximal torus T{z) for Z{z). Of course, 
T{z) is a maximal torus of G. Let i{z) be its Lie algebra. Let x, resp. y, be a lift of x, 
resp. y to Z{z), and let c = [x,y] G Z(z). In fact, c G CZ{z), and hence there is a C G t(z) 
which projects under the exponential mapping to c G Z{z). Since z G CZ{z), there is an 
element z G t{z) whose image under the exponential mapping is z. 

Definition 11.1.3 We define CS'g(x) = [I^iC,z)] G R/Z. The order of CS'g(x) is its 
order as an element of R/Z. 

Lemma 11.1.4 The value ofCSai^) depends only on the conjugacy class ofx. 

Proof. We begin by showing that C5g(x) only depends on x and not any of the choices 
made above. First fix the maximal torus T{z). Then the choice of i G t{z) is determined 
up to an element in the coroot lattice of G. Since ( projects to an element of the center 
of G, we see that Iq{X^,() ^ Z. Thus [Iq{C,z)] is independent of the choice of z. Now 
fix z and vary (. If C is another lift of c, then (' — ( is an element of the coroot lattice of 
Z{z). Since z projects under the exponential mapping to a central element of Z{x), we see 
that/o^(C'-C,^) GZ. 
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Finally consider another maximal torus T'{z) in Z{z). There is an element g £ Z(z) 
conjugating T'{z) to T(z). Since c and z are central in Z{z), conjugation by g fixes c 
and z. This establishes that CSg{x) is well-defined. Clearly, then, it is a conjugacy class 
invariant. □ 

Lemma 11.1.5 Suppose that x = {x,y,z) and x' = {x',y',z') are c-triples in G which lie 
in the same component of the moduli space. Then C5g(x) = C5g(x'). 

Proof. Choose a maximal torus S* C T of Z^{x,y,z). Choose a maximal torus T(z) 
for Z{z) with S C T{z). Let L = DZ{S). Then c £ L and there is a rank zero c-triple 
(xo, yoi zq) = xq in L and elements {s,t,u) £ S x S x S such that (x, y, z) = (sxq, ty^, uzq). 



It suffices by Theorem 2.3.1 to show that C5g(x) = C5g(xo). We fix a maximal torus 
for L such that zq £ T^. Clearly Zi{zq) C Zg{z). Let xo^yo G ■^l(^o) be lifts of xo,yo, let 
Co = [xo,yo]) and let £ tiC-^o) project under the exponential mapping to cq. If zq £ Kzq) 
exponentiates to zq, then CSG{xo,yo, zq) = [1^ {(^q, zq)]. We can lift x to x £ S ■ xq, where 
S is the identity component of the inverse image of S in Z{z), and similarly for y. Thus 
= [io,yo] = Co and hence CSGix,y,zo) = [/^(Co,^o)] = CSG{xo,yo, zq). 
Lastly, replace zq by uzq £ Szq. Clearly, a lift of uzq to t{z) is given hy u + zq where 
u £ 5 = Lie(S') exponentiates to u. Thus, CS'g(x) = [Iq{(o,u + zq)]. But s = t;^ under the 
pairing Iq, so that Iq{Co,u) = 0. Hence C5g(x) = CSG{x,y, zq) = CSG{xo,yo, zq)- This 
completes the proof. □ 

Given a component X of the moduli space Tg{c) of c-triples in G, we define CSg{X) 
to be CS'g'(x), where x is any c-triple whose conjugacy class lies in X. 

Proposition 11.1.6 Let {x,y) be a c-pair. Then the function Z{x,y) — > R/Z defined 
by z CSGix,y, z) induces a homomorphism Tr(){Z{x,y)) — > R/Z. Hence the order of 
GSg{x.) divides the order of x. 

Proof. The fact that z ^ CSG{x,y, z) descends to a function 7ro(Z(x,y)) — > R/Z is 
immediate from Lemma 11.1.5| . To see that it is a homomorphism, since -kq{Z{x, y)) is cyclic 



by Corollary 8.7.4| , it suffices to show that CSG{x,y, z^) = £CSg{x, y, z) for all z £ Z{x,y). 



Let x,y £ Z{z) be lifts of x,y, let c = [x,y], and let C G t(z) project to c. Finally, let z 
be a lift of z to t^. Then CSG{x,y,z) = Iq{C,,z) mod Z. Since ^(z) ^ Z{z^), the element 
G i{z) = i{z^) is a lift of Clearly, then, CSG{x,y,z^) = = £CSG{x,y,z). □ 

We determine the order of CSg in case G = SU{n + 1): 

Lemma 11.1.7 Suppose that {x,y,z) is a c-triple in SU{n + 1), where c generates the 
center of SU{n + 1). Then the order of CSg{x, y, z) is the order of z £ CSU{n + 1). 



Proof. This follows easily from Lemma 10.4.3, □ 
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11.1.1 More on the structure of Lc 

The existence of the invariant CSq leads to more detailed, classification-free information 
on the structure of Lc- 

Proposition 11.1.8 Suppose that G is simple and let c G CG be of order o(c) > 1. Let 
no = gcd{ga}. Then: 

1. Lc = ni=i where each Li is a simply connected, simple group of type An^ for some 
rii > 1; 

2. 1cm {nj + 1 : i = 1, . . . , r} = o(c), and there is an i for which Ui + l = o(c). 

3. If G is simply laced, then o{c) = uq. 

4- If G is not simply laced, then either uq = I, in which case each Li is of type Ai and 
the roots of Li are short roots of G, or uq = 2, in which case each Li is of type Ai, 
and exactly one of the Li has a simple root which is a long root of G. 

5. If G is not simply laced and uq = 1, then A(c) contains the unique short simple root 
which is not perpendicular to at least one long simple root. 

6. If G is not simply laced and uq = 2, then A(c) contains a long simple root a, 
exp(ti7^) = c and all other simple roots of G are short. 

7. There is a c-triple {x,y,t) in G of order no, where {x,y) is a c-pair in normal form 
and t E T'^" , such that the order of GScix^y^t) is also uq. 



Proof. By Theorem 3.5.1 , we know that Lc = Hi is isomorphic to a product of simply 
connected groups of type and that c is a product of elements Cj G CLi generating the 
center of Lj. It follows immediately that o(c) = Icmjnj + 1 : i = 1, . . . , r}. If G is of type 
An for some > 1, then Lc is a product of simple groups of type An-i where n = o(c), 
and so Parts 1 and 2 hold in this case. Assume that G is not of type A^ for any N. Then 
D{G) is contractible and has at most two vertices of order > 2. Furthermore, if it has a 
vertex of order > 3, then it is Di^. Any diagram automorphism of such a diagram has order 
1, 2, 3, or 4. Since the center acts faithfully on D{G), o{c) is divisible by at most one prime. 
It follows that Hi + 1 = o(c) for some i. This proves Parts 1 and 2. 

We number the Li so that ni + 1 = o(c), and we let U = tnLie(Lj). Suppose G is simply 
laced. Let t E CHi be an element of order o(c) and let (x, y) be a c-pair in Lc- Clearly, 
CLc C T'"'' and hence t £T'"'=. Let i £ ti lift t and let Ci G ti hft ci. Since G is simply 
laced, it follows from Lemma 11.1.2] that C Sc{x,y,t) = CSL^{x,y,t) = [lQ^{i,Ci)]- Since t 
and ci each generate CHi, Lemma |11.1.7| shows that [I^^it, C,i)\ is of order ni + 1 = o(c). 
By Lemma 11.1.6| , o(c) divides the order of (x, y, t) in G. Since t E T'^", the order of (x, y, t) 
in G divides no by Proposition tj.2.8 . If a is the orbit containing the extended root, then 
no divides ga = o(c). It follows that all of the above divisibilities are in fact equalities. In 
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particular o(c) = no and the order of CSG{x,y,t) is uq. Thus we have proved Part 3, as 
well as Part 7 in the simply laced case. 

To treat the non-simply laced case, we need the following. 

Q 

Claim 11.1.9 Suppose that G is non-simply laced and that c £ CG,c ^ 1. Let Ig (c, c) G 

Q 

R/Z be defined as follows: Choose C,^ E t with exp{() = exp(^) = c, and set Iq (c, c) = 
Then T^(c, c) is well-defined. Finally, CS'g(x) = for every c-triple x in Lc if 

Q 

and only if Iq (c, c) = if and only if c G S"^" if and only if T"^" is connected. 



Proof. Since CjA* £ -f^) it follows immediately that varying C, and /x by elements in Q'^ 
changes by an integer, showing that /^(c, c) is well-defined. 

By Lemma |11.1.1| o(c) = 2. Hence, by Part 2, all the Li are of type Ai. Let {ai, . . . , at} 
be the simple roots of Lc- Then a representative for log(c) is Co = Ylii^/^)'^'i ■ Another 
representative for cis hq = zu'^ for some simple root a of G. Since ro^ represents an element 
of CG, ha = 1, and thus ga = ha and a is a long root of G. 

Let xq = (x, y, c) be a c-triple in Lc- By definition, for any lifts ( and /i of c to t, we 
have C5g(xo) = [/q^(C,/^)]- Thus Iq{c,c) = CSg{^o)- Hence, if C5g(x) = for every 



-fG, 



c-triple X in Lc, then Iq (c, c) 
^^(Co,/Uo) 



0. By Lemma 11.1.2| , 



^0 



'^il/2)a^,r^:^) = il/2)J2e^Sa,a.■ 



Thus Lq{Cq,^q) is zero if a is distinct from all the Cj. Using the fact that a is a long root 
and hence = 1 if a = aj, it follows that Iq{Co^ /^o) is equal to 1/2 if a is equal to one of the 



flj. In particular, if Iq (c, c) = 0, then Wa is orthogonal to all the and thus is orthogonal 
to iL ■ In this case, zu)( G 



Thus, Iq (c, c) = implies that c E 5" 



By Lemma 11.1.1, CG 

TToiT""-) is surjective. If c G S'"'^ then 7ro(T'"-) 

Finally suppose that T^" is connected. Then, by Corollary 8.7.3 



and hence c G S*" 

(c). On the other hand, by Lemma 9.1.13, the map CG — > 
and hence T^" is connected. 

1. Let X be a 



no 



c-triple in Lc- Then by Proposition 9.2.8| , the order of x divides no and hence is 1. Since the 
order of C5g(x) divides the order of x, by Proposition 11.1.6 , it follows that CSg(x) = 0. 

□ 



Returning to the proof of the proposition, let us suppose that G is non-simply laced 
and that o(c) = 2, so that each Li is of type Ai- Let aj G A be the simple root of Li. Let 
a G A be the unique simple root such that c = exptx7^. Since ha = 1, the root a is long. 
Let C S ti^ be any lift of c G -Lc and let Zi = exp((l/2)a^). Then 

GSG{x,y,z,) = [/o«((l/2)ar,C)] = [e.a.(C)/2]. 

Since ( projects to a generator of the center of Lj, we see that 

CSG{x,y,Zi) = [ei/2\. 
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On the other hand, using the hft ro^ for c shows that 

CSGix,y,z,) = [7o^((l/2)ay,n7^)] = M,,,a/2]. 

Since a is long, eida^^a = ^ai,a- It follows that ej = 5a,,a mod 2. In other words, every aj 
distinct from a is short. Hence either no root of Lc is a long root of G, in which case 

Q Q 

Iq (c, c) = 0, or exactly one simple root of is a long root of G and Jq (c, c) 7^ 0. In 
the first case, T^" is connected, and hence no = 1, and in the second case T'^" has two 
components and so no = 2. The argument also shows that, if aj = a, then the order of 
CSa{x, y, Zi) is exactly 2 = no- Of course, if no = 1, then the order of CSg{x, y, Zi) is also 
1. This proves Part 4, as well as Part 7 in the non-simply laced case. 

The proofs of Parts 5 and 6 are very similar, and we shall just prove Part 6. Suppose 
that G is not simply laced and that one of the Oj, say oi, is a long root of G. Since the 
Dynkin diagram for G has a unique multiple bond, the long roots form a connected chain. 
Thus, if there is another long simple root 6 7^ ai of G, there is a long simple root 6 of G 
with lQ[ai^b^) = —1. Since the are short roots for i > 1, and hence = 2, we have 
that I^ia'^y ) = eittiib^) = (mod 2) for ah i > 1. It follows that 6(^^(l/2)a/) = 
/^(6^,X]i(l/2)a,V) = (1/2) modZ. This is impossible since exp(X; .(l/2)a/) = c e CG. 
Thus a is the unique long simple root in G. □ 

The proof of Parts 5 and 6 actually shows the following: The simple roots in A(c) are 
given as follows. The Dynkin diagram of G is a chain, and the node at one end is a short 
root. Begin with this node, and then take every other node in the diagram until you reach 
the node of the double bond. Thus, for G of type A(c) is a single node corresponding 
to the short simple root, and for G of type G„, A(c) consists of n/2 short simple roots if n 
is even and consists of (n — l)/2 short simple roots plus the long simple root if n is odd. 



11.1.2 Order of GS'g(x) in the rank zero case 

Proposition 11.1.10 Let G be simple and suppose that x is a c-triple of rank zero in 
G. Then the order of G5'g(x) equals that of x. For every k dividing exactly one of the 
{ga '■ a S Ac}, the function CSg defines a bisection between the set of conjugacy classes of 
c-triples of rank zero and order k in G and the points of order k in R/Z. 



Proof. Fix k dividing exactly one of the integers ga- By Proposition 9.1.7 and Proposi- 
tion 11.1.6| it suffices to exhibit a single c-triple x such that GS'g(x) has order g-a. 

Let (x, y, z) be a c-triple of rank zero and order g^. By Lemma 2.2.3| , z is conjugate to 
the exponential of a vertex of the alcove A. Moreover, Z{z) is semi-simple and contains the 
rank zero c-pair (x, y). Thus by Proposition [4.1. Ij , the universal cover Z{z) is a product of 
groups Hi of type and there is a lift c of c to Z{z) such that the image of c generates the 
center of every simple factor. Let i{z) = tj be the orthogonal direct sum decomposition 
induced by the decomposition of Z{z) = ni=i-^«- We write C, = J2iCi where Q £ U 
exponentiates to a generator of CHi . 
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Let z he a lift of z to Z{z). Then z lies in the center of Z{z). Hence, if m is the least 
common multiple of the integers rij + 1, then = 1. Since the image of z in the group 
TTQ{Z{x,y)) has order Qa, it follows that ga\m. For every z' £ CZ{z) the triple {x,y,z') is a 
c-triple. We shall find a z' £ CZ{z) such that CSG{x,y, z') has order m. Supposing this, 



by Corollary 11.1.6 , it follows that m divides the order of {x,y,z'). Thus, g-a divides the 
order of {x,y,z'), which in turn divides at least one of the gj^. It follows that gj; = gs = m 
and that the order of (x, y, z') is ga- Thus, the order of CScix, y, z') is equal to ga- 
it remains to construct the required element z' £ CZ(z). For any z' in CZ(z), let 
z' G i{z) be a hft of z'. We write z' = z- with e U. Clearly, 

CSG{x,y,z') = [I^iCz]] = Y,^i[Io'iCi,z',)], 

i 

Since Q projects to a generator of the center of Hi and Hi is isomorphic to SU{ni + 1), 



it follows from Lemma 11.1.7 that, for every rj € R/Z of order dividing rij + 1, there is 
an element G tj, exponentiating to an element contained in the center of Hi, such that 
[/(^'(Ci, Zi)[= Ti mod Z. For appropriate choices of elements of order dividing rii + 1, the 
element has order m = 1cm {rii + 1 : i = 1, . . . , r}. Consequently, there is an element 

z' = z[ such that lQ^{C,iz[) is of order m modulo Z. 

If G is simply laced, then all the roots of Hi are long roots of G, and hence the fac- 
tors Ci are all one. In this case, the element z' G i{z) constructed in the last paragraph 
exponentiates to an element z' in the center of Z{z) and Iq{C,z') is of order m modulo Z. 

Now suppose that G is non-simply laced and c = 1, so that ga = ga- We write Z{z) = 
Y\ Hi/ {Q) where Hi is the factor containing the highest root of G. Then, by Corollary |3.5.2| , 
the factor Hi is of type Ag^-i and the image of -ki^Z^z)) in this factor is the center of Ag^-i- 
Since one of the roots of this factor is the highest root of G, the roots of this factor are long 
roots of G- Choose a generator c of tti{Z{z)), and let Cj E Hi be the image of c under the 
projection Z{z) Hi- Since Hi is of type Ag^^i and ci generates the center of Hi, there is 



a ci-triple xi in Hi of order ga- By Lemma 11.1.7, GShi{^i) is also of order g-a- For each 



i > 1 there is a Cj-triple Xi in Hi of order one. Clearly, the product Yli Xi is a ]^ Q-triple in 
Z{z), automatically of rank zero. It projects to a commuting triple x of rank zero in Z{z)- 
Clearly, CS'g(x) = J^i^i^^Hii'^i)- Since the order of Xi is one for all i > 1, and since the 
roots of Hi are long roots of G we see that C5g(x) = C5//j(xi) and hence has order ga- 
This proves the proposition in case c = 1 or G is simply laced. 

There remains the possibility that G is not simply laced and c 7^ 1. However, as the 
next lemma shows, there is just one possible G in this case: 

Lemma 11.1.11 Suppose that G is not simply laced and c / 1. // there is a rank zero 
c-triple {x,y,z) in G, then G is of type C2- 



Proof. By Lemma 11.1.1, o(c) = 2. Since Z{z) is a product of groups of type An, 
z ^ 1, and hence z is the exponential of a vertex of the alcove A contained in a wall of A 
corresponding to the highest root. Let b be the simple root of G so that the face {b = 0} of 
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A is opposite to the vertex exponentiating to z. By Lemma D{G) is either a chain 



with two multiple bonds at the ends or has one multiple bond meeting one leaf and one 
trivalent vertex, two of whose ears are the remaining two leaves. Moreover, the complement 
of the node corresponding to 6 is a diagram which is a union of diagrams of type An- It 
is easy to see that the only possibilities for such extended diagrams D{G) are C2, -B3, or 
i?4. The three possibilities for the quotient coroot integers are 1, 2 in the case of C2, 1, 2, 2 



in the case of -B3, and 1, 2, 2, 2 in the case of B^. Thus, by Proposition 9.1.7, only in case 



G = C2 does G contain a rank zero c-triple. □ 



Returning to the proof of Proposition ll.l.lC in the case where G is of type C2, let 



X = (x, y, z) be any rank zero c-triple. Up to conjugation, it follows that z is the exponential 
of the vertex opposite the wall defined by {h = 0}, where h is the unique short simple root 
of C2. Hence Z[z) = Z{z) = Hi x H2, where each Hi is of type Ai and the extended 
root —d is a simple root for one of the Hi, say Hi. Moreover c = C1C2, where the Cj is 
the nontrivial central element of Hi, and {x,y) is a product of rank zero Cj-pairs {xi,yi) in 
Hi. Furthermore z is the exponential of (1/2)^"^. By Lemma [ll.l.7| , CSHi{xi,yi, z) = 1/2. 
Since z £ Hi, CSG{x,y,z) = CSHiixi,yi, z) = 1/2. □ 



11.1.3 The order of C5g(x) 

Proposition 11.1.12 Let k be a positive integer dividing at least one of the Qa and suppose 
that k /ng. Let S = S'^'' {k) and let L = DZ{S). Then there exists a rank zero c-triple x in 
L of order k in G such that CSci^) has order k. 



Proof. We begin with the following lemma on the structure of L: 

Lemma 11.1.13 Suppose that c 7^ 1. With L as above, L^ is properly contained in L and 
L has a unique component Lq which is not of A^ -type for some n. Write L = LqX L' . If G 
is not simply laced, then Lq is of type C2 and all simple factors of L' are of type Ai whose 
roots are short roots of G. 



Proof. By Proposition |9.2.S , since k does not divide no, Lc is properly contained in L 
and L has a unique simple factor Lq not of ^„-type. Clearly if G is not simply laced, then 
Lq is also not simply laced. In particular the two nodes of the double bond for G are simple 
roots for Lq. According to Proposition ILLS, one of these nodes lies in A(c). It follows 
that the projection cq of c to Lq is nontrivial. Since Lq contains a rank zero CQ-pair, it 
follows from Lemma 11.1.11 that Lq is of type C2. By Proposition ILLS, Lc is a product 
of groups of type Ai and has at most one simple root which is a long root of G. If there 
is a long simple root in Lc, the corresponding node is a node of the double bond of D{G). 
Hence it is a root of Lq. It follows that all of the simple factors of L' are of type Ai whose 
roots are short roots of G. □ 
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Returning to the proof of Proposition 11.1.12 , first assume that G is simply laced. Let 
L = nl=o product decomposition of L in simple factors, where Lq is the factor 

which is not of type An. Let c = Hi Cj be the corresponding decomposition of c. For each 
z, suppose that we are given a Cj-triple of rank zero Xj in Lj of order ki. Then Hi ^ 
c-triple in L. Moreover, since G is simply laced, CSg{^) = Yli^^Lii^i)- 

Let X be a c-triple in L whose order in G is k. Let Xj be the image of x in Lj and let ki be 
its order as a Cj-triple in Lj. Note that Xj has rank zero in Lj. Thus by Proposition |11.1.1C1| , 
the order of CSiX^i) is the order of Cj-triple in Lj, and hence GSL^i^i) = [ri/ki] 

for some integer rj relatively prime to ki. The order of c-triple in L, is the least 

common multiple £ of the ki. By Corollary |9.2.5| , k\i. It is an elementary number-theoretic 
argument that there exist Oj such that [ro/ko + J2i>i ^ R/Z has order I. For i > 1, 

Li is of type 74„. , and thus, given the integer Oj mod fcj, there exists a rank zero Cj-triple 
x^ in Li such that CS"/,. (x^) = [ai/ki\. Note that, by Proposition |11.1.10| , the order of x- in 
Li divides ki. Replace x by the c-triple x' = xq • HiM ^i- Then CSg{x') = '^i>oCSL.{x.[) 
is of order i. On the other hand, the order of x' in L, which is the least common multiple 
of the orders of the x^, divides £. By Proposition 11.1.6| , the order of C5g(x') divides the 
order of c-triple in G, which in turn by Corollary |9.2.5| divides the order of X clS 3j 

c-triple in L which divides i which is the order of GSg{x'). Therefore, the order of x' in G 
is the order of C5g(x'), namely £. We write x' = (x', y', z'). Then x" = [x', y', {z'Y^^) IS a 
c-triple of order A; in G such that the order of C5'g(x") is also k. 

Next suppose that c = 1. In this case L = Lq is simple. By Claim 5.5.2 , there is a 
simple root for L which is a long root of G. Choose a rank zero commuting triple x in L of 
order k in G. By Lemma 11.1.2 and Proposition ll.l.lC , the order of CS'g'(x) = CS'l(x) is 
k. 

We may thus assume that G is not simply laced and that c 7^ 1. By Lemma 11.1.13 , 
Lq is of type C2 and all simple factors of L' are of type Ai whose roots are short roots of 
G. Thus k = 2. Let x = xq • x' be a c-triple in L. By Lemma 11.1.2| , CSg{^) = C'S'lp(xo). 
Choose a rank zero co-triple xq in Lq. Then its order is 2 and by Proposition |11.1.1[1| , the 
order of GSlq{^o) is also 2. Choose any rank zero c'-triple x' in L' . Its order divides 2. 
Thus the order of x = xq • x' in L is 2. Since the order of C5g(x) is 2, it follows that the 
order of x in G is also 2. This concludes the proof. □ 



Theorem 11.1.14 Let G be simple, let c £ CG, and let x be a c-triple. Then the order 
of X is equal to the order of CSg{x). For any k > 1 dividing at least one of the Qa, the 
function CSg induces a bijection between the components ofTG^c) of order k and the points 
in R/Z of order k. 



Proof. Fix a k dividing at least one of the ga. There is the corresponding group L 
containing a rank zero c-triple of order k in G. It follows from Proposition |9.3.1 that there 
exists a rank zero c-triple (xq, yo) -^o) in such that every component X of Tg{c) of order 
A; in G contains the conjugacy class of (xq, yo, Zq) for exactly one £ where 1 < £ < k and £ 
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is relatively prime to k. By Proposition 11.1.6| , CSG{xo,yo, Zq) = £CSG{xo,yo-, zq). Since 
CSg is constant on connected components, it clearly suffices to find, for every k, a c-triple 
X of order k in G such that the order of CSg(x) is also k. This follows from Part 7 of 
Proposition 11.1.5 and Proposition 11.1.12|. □ 



11.2 Flat connections and the Chern-Simons Invariant 
11.2.1 Relation of C-triples and flat G/((7)-connections 

Let r be a flat connection on a principal G-bundle ^ over the three-torus = S^xS^xS^. 
Since G is connected and simply connected, is trivial. Choosing a trivialization of ^, the 
holonomy of T around the three coordinate circles is a commuting triple {x, y, z) in G. 
Varying the trivialization conjugates (x, y, z). Thus, the isomorphism class of the G-bundle 
and flat connection determines the conjugacy class of the commuting triple. This sets up an 
isomorphism between Tq and the moduli space of isomorphism classes of flat connections 
on principal G-bundles over the three-torus. 

If C is not the identity, then a C-triple (x, y, z) in G does not determine a flat connection 
on a principal G-bundle over the three-torus. It does determine a flat connection on a 
principal /C-bundle over the three-torus, where K = G/{G), but the isomorphism class 
of this flat connection determines and is determined by the conjugacy class of the image 
commutative triple (x,y,z) in K, which is not the same as the conjugacy class in G of 
{x,y,z). To deal with this incompatibility, we shall consider an enhanced notion of flat 
connections up to isomorphism. 

Fix a compact connected group K. Denote its universal cover by K. Let M be a 
manifold, let ^ be a principal A'-bundle over M and let X C M be a subspace with the 
homotopy type of a connected one-complex and which carries the fundamental group. A 
lifting of ^ over X is a pair (^, /), where 

1. ^ is a principal A'-bundle over X; 

2. /:^x^i^— >^|Xisan isomorphism of principal /C-bundles. 

An enhanced K-bundle (^, ^, /) over (M, X) consists of an underlying X-bundle ^ together 
with a lifting /) over X. An isomorphism between two enhanced /C-bundles (^, ^, /) and 
(C) /') consists of an underlying X-bundle isomorphism c: ^ ^ ^' and an isomorphism 
a: I ^ I' of K-bundles such that {a\X) o / = /' o (o- x ^ Idx)- 

Lemma 11.2.1 Given a principal K-bundle ^ over M and a trivialization t:XxK 

, there is an enhanced K-bundle 'Er = {^,X x K,fr), where fr is the composition 
{X X K) x^ K = X X K ^ ^\K. 

1. Given an enhanced K-bundle H = (^,^,/) over {M,X) there is a trivialization r of 
(,\X such that 3^- is isomorphic to H by an isomorphism whose underlying K-bundle 
isomorphism is the identity. 
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2. Given two trivializations r and t' of S,\X , the enhanced K -bundles H,- and H,-/ are 
isomorphic if and only if the function k: X ^ K corresponding to the automorphism 
o t' of the trivial bundle lifts to a function from X to K . 



Proof. Since K is connected, every principal -fT-bundle over X is isomorphic to the trivial 
bundle. Part 1 follows. A lifting of the -ftT-bundle isomorphism r^^ or' to an automorphism 
of the trivial ET-bundle X x K \s the same as a lifting of k to i^. This proves Part 2. □ 

Suppose that ^ ^ M is if-bundle, that t: X x K ^ ^\K is a trivialization, and that T 
is a flat conection on ^. Then the flat connection T*(r|X) lifts uniquely to a flat connection 
r on X X i^. The holonomy of F is a homomorphism p(p^):7ri(X) K, called the K- 
holonomy of (r,r). 

Lemma 11.2.2 Let^, resp. ^' be a K -bundle over M with aflat connection V, resp. V , and 
let T, resp. t' , be a trivialization of 5\X, resp. 5,'\X. Suppose that there is an isomorphism 
(fj, fj) from to r,'^, with a*T' = T. Then the K-holomonies P[r,T) c-i^d P(r',T') o-re conjugate 
by an element of K. 



Proof. Let a: X x K ^ X x K he, the i^T-bundle map obtained from a by dividing out by 
T^i{K) C CK. The connection a*T' oTi X x K lifts the connection a* f*,T on X x K. Since 
o a = o- o and since a*T' = T, it follows that a*f;,T' = f*T. Thus, a*f' hfts f*T. 
But r is the unique lifting of f^T. It follows that T = a*T' , and hence the holonomies of T 
and r' are conjugate in K. □ 

Let (S, r) be a pair consisting of an enhanced iC-bundle over (M, X) and a flat connec- 
tion on the underlying i^-bundle. We deflne the K-holonomy of (H, F) to be the conjugacy 
class of the homomorphism /9(p 7ri(X) — > K where t: X x K ^ S^\K is any trivialization 
with the property that there is an isomorphism from Ej- to H which is the identity on the 
underlying i^-bundles. According to Lemmas 11.2.1 and 11.2.2| the if-holonomy of (H,F) 



is well-defined. Two pairs (H,F) and (H',F') are isomorphic if there exists an isomorphism 
(fj, fj) from H to H' such that a*T' = F. We have established the following. 

Proposition 11.2.3 Let M be a manifold and X C M a subset with the homotopy type 
of a one-complex carrying the fundamental group of M . The K-holonomy of a pair (S,F) 
consisting of an enhanced K -bundle over (M, X) and a fiat connection F on the underlying 
K -bundle is a conjugacy class of homomorphisms from 7ri(X) to K. This K-holomony 
depends only on the isomorphism class of the pair. 

In case when M is the A^-torus T^ = (S^)^ and X C T^ deformation retracts onto the 
union \/^ of the coordinate circles, the ii'-holonomy of a pair (H, F) is a conjugacy class 
of homomorphisms from 7ri{X) to K. We identify this conjugacy class with a conjugacy 
class of A^-tuples {xi, . . . , xn) £ i^)^ i where Xi is the image of the element in vri(X) 
represented by the i^^ coordinate circle. 
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Proposition 11.2.4 Suppose that G is the univer -sal cover of K. Let = (5^)^ he 
the N -torus and let X C deformation retract onto the union \J ^ of the coordinate 
circles. Suppose that H is an enhanced K -bundle on (T^ ,X) with underlying bundle ^, and 
suppose that F is a flat connection on ^. Then the G-holonomy of (S, F) is a conjugacy class 
of almost commuting N -tuples (xi, . . . ,xn) £ . If Cij = [xi,Xj], then Cij G iti{K) C CG 
and is equal to the 2-dimensional characteristic class of ^ evaluated on the {ijY^ -coordinate 
two-torus. The map which associates to the pair (S,r), consisting of an enhanced K- 
bundle over {T^ ,X) and a fiat connection on the underlying K-bundle, its G-holonomy is 
a bijection from the set of isom,orphism classes of such pairs (S, V) to the space of conjugacy 
classes of almost commuting N -tuples in G. 

Proof. Given a flat i^-connection on the two-torus with holonomy x,y around the 
coordinate circles, let x, y G G be lifts of these elements. Then the commutator [x, y] G G 
lies in 'it\{K) C CG and is equal to the characteristic class w{^) G H'^{T'^\'K\{K)). Applying 
this to the various coordinate two-tori inside the A'"-torus, shows that the A^-tuple associated 
to (S, r) proves the first statement. The rest of the proposition is a straightforward exercise. 

□ 

Next we show that two enhanced if-bundles over {T^,X) whose underlying iC-bundles 
are isomorphic are isomorphic as enhanced ET-bundles. 

Lemma 11.2.5 Let(, be a K-bundle overT^. Suppose thatri andT2 are two trivializations 
of ^\X. Then there is a bundle automorphism o of ^ such that u*ti = T2. 

Proof. Since the question only involves the homotopy type of the pair (M, X), we may 
assume that X = \/^S^. Over X, we can take a = ti o r^^. Let k:X —>■ be the 
corresponding map. Since C|X is trivial, so is Aut(^)|X, and hence the fundamental group 
of T"^ acts trivially on the fundamental group of the fiber of Aut(^), which is isomorphic 
to K. Thus the obstructions to extending a to T"^ lie in H^{T'^,X;'iTi^i{K)). The only 
nonzero such group is H'^{T^,X;7ri{K)). The value of the obstruction on a relative 2-cell 
e is K^,[de] G vri(i^). For the standard relative cell decomposition of {T^,X) for which the 
2-skeleton is the union of the Tij and the corresponding cells arc Cij, the elements [dcij] are 
commutators in 7Ti{X). Since 7ri(i^) is abelian, K*[9ejj] is trivial. Hence the automorphism 
extends. □ 

Corollary 11.2.6 Let C be an anti- symmetric 3x3 matrix with values in ■ki{K) C CG. 
Let E be an enhanced K-bundle over {T^,X) with C{E) = C. Then there is a bijection 
from the set of fiat connections modulo automorphism ofE to Tg{C). 
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11.2.2 The Chern-Simons invariant 

Let G be simple and let /o(i) = ^oit^i)- 
Lemma 11.2.7 For all t £ i, 

i/o(i) = h^{t,t) = --L-Tr(ad(t)2), 

where g is the dual Coxeter number of G. Equivalently, 

h{s,t) = -^^TV(2ad(s) • ad(i)). 

Proof. By a result of Looijenga |lj] Lemma (1.2), 

^a(t)2 = 2g/o(t,i)- 

ae<3> 

On the other hand, the action of adt on g has eigenvalue 27r\/— la(t) on the root space g"^. 
The result is then a direct computation. □ 

The Weyl invariant quadratic form /q on t has a unique extension to an ad G-invariant 
quadratic form on g, also denoted by Iq. It follows from Chern-Weil theory that the 



quadratic form ^Iq defines a cohomology class C2 G H'^{BG;Il). By |15], VI §6 Theorem 
6.23 (see also ||), H'^iBG; Z) = Z and C2 is an integral generator for H^{BG; Z). Let M be 
a manifold and let ^ be a principal G-bundle over M. There is a corresponding classifying 
map p M ^ BG, and we set C2(^) = p*C2- Given a connection A on 4, the image of C2(4) 
in //^(M;R) is represented by the closed 4-form |/o(F^). 

There is a secondary characteristic class associated to C2, the Chern-Simons invariant. 
Let M be a three-manifold and ^ ^ M a principal G-bundle. Let T and A be connections 
on ^. Then 



CSr(^) = ^ / Tr f 2a A Fr + a A dr(a) + -a A (a A a)] 



(13) 



where a = A — F ^ J7^(M; ad^). Defined in this manner, CSr is a real- valued function on 
the space of connections on a given bundle. The flat connections are the critical points of 
CSr, and hence CSr is constant on continuous path of flat connections. 

Since CSr is a secondary class associated to the primitive integral class C2, if F and 
r' are gauge equivalent connections then CSr(^) — CSr'(^) is an integer. As we vary 
over all connections V gauge equivalent to F, we can vary the Chern-Simons invariant 
by an arbitrary integer. Similarly, if A and Ai are gauge equivalent connections then 
CSr (^) — CSr(^i) is an integer, and as we vary Ai over all connections gauge equivalent to 
A we can vary CSr by an arbitrary integer. In other words, CSr is a well-defined function 
from the space of gauge equivalence classes of connections into R/Z. 
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More generally, suppose that K is a compact group whose universal cover is G and 
that ^ — > M is a principal i('-bundle with connection A. The form ^Iq{Fa) is a closed 
4- form representing a characteristic class of ^, which we will also denote by C2(^). The only 
difference is that this class need not be integral. In fact, it lies in (l/n)Z, where the image 
of H^{BK; Z) in H^{BG; Z) is generated by nc2- Given X-connections V and T' on ^, we 
can still define CSr(r') G R by Equation ^ As before, this is a secondary characteristic 
class associated to the four-dimension class C2 of JC-bundles. The difference is that, in 
general, if T" is a i^-connection gauge equivalent to F', then 

CSr(r') - CSr(r") G -Z, 
n 

and hence CSr is only well-defined modulo for isomorphism classes of i^-connections. 
As the next lemma shows, CSp is well-defined modulo Z on enhanced isomorphism classes 
of flat /C-connections. 

Lemma 11.2.8 Let H he an enhanced K-hundle over (M, X), where M is a closed, oriented 
three-manifold, and suppose that there is an automorphism of H such that the induced 
automorphism of the underlying K-hundle ^ is a. Then 

CSr(r') - CSr(a*r') G Z. 

Proof. Let ^ — > M x 5^ be the K-hundle obtained from ^x/^MxI by gluing the ends 
together by a. The difference CSr(r') — CSr(o"*r') is equal to J^.j^gi C2(0- We choose a 
trivialization r of such that there is an isomorphism H,- to H whose underlying ii'-bundle 
isomorphism is the identity. Then in this trivialization is given by a continuous map 
k:X^K. The fact that a comes from an automorphism of the enhanced bundle means 
that K lifts to a map X ^ G. This means that ^\X x 5"^ lifts to a G-bundle, and hence, 
since G is connected and simply connected, x is trivial. A standard obstruction 
theory argument then shows that is isomorphic as a X-bundle to the connected sum of the 
product bundle ^ x S*^ ^ M x 5^ and a i^-bundle — > 5'^. Thus, f^.^^^gi C2(0 = /_54 C2{r])- 
But since is simply connected, rj ^ S'^ lifts to a G-bundle fj and thus C2(r/) = 02(77) takes 
an integral value on 5^. □ 

Corollary 11.2.9 Fix an enhanced K-hundle H over (M, X), where M is a closed, oriented 
three- manifold, and a flat connection Ti on 3. Then the function CSpi induces a well- 
defined function from the set of isomorphism classes of pairs (H,r), where T is a flat 
connection on to R/Z. 

One important property of the Chern-Simons invariant is the following additivity prop- 
erty: 



118 



Lemma 11.2.10 Let Tq, Fi and A be connections on a K-bundle ^ over a three-manifold. 
Then 

CSro(^) = CSri(^) + CSro(ri). 

Corollary 11.2.11 Let {rt}te[o,i] ^^'^ {^t}te[o,i] be two continuous paths of flat connec- 
tions. Then CSro(^o) = CSri(Ai). 

Proof. Since the critical points of the functional A i-^ CSro(^) are the flat connections, 
CSro(^o) = CSro(^i)- In particular, CSro(ri) = 0. The corollary now follows from the 
additivity formula of the previous lemma. □ 



11.3 The basic computation 

Let (x, y, z) be a c-triple in a simply connected group G. Then Z{z) is a connected group 
containing x,y and c. Wc denote by Z{z) the quotient Z{z)/{c) and we denote by Z{z) 
the universal covering of Z{z). Let x,y be lifts of x,y to the universal covering Z{z). Let 
C = [5, y] and let C, G i{z) be an element whose exponential is C,. Let be the torus R^/Z^. 
Let D C be a closed disk and let Tq be the closure of — D. Let d be the boundary 
of To, with coordinate 9. 

Lemma 11.3.1 With notation as above, there is a flat connection Aq on the trivial Z{z)- 
bundle over Tq such that the holonomy of Aq along the two coordinate circles in Tq is given 
by (x, y), and AQ\d = C, d9. 

Proof. Clearly, there exists a fiat connection A'q with the required holonomy on the 
bundle Tq x Z{z). The connections ^o|5 and C,d9 have the same holonomy. It is then easy 
to see that there is an automorphism a of the trivial bundle, supported near 5, such that 
Aq = (y*A!Q satisfies the conclusions of the lemma. □ 

There is an induced flat Z(z)-connection Aq on = x Z{z), whose holonomy along 
d is the identity. Thus there is a trivialization tq of 4o|<9 for which AQ\d is the product 
connection, and hence we can extend and the fiat connection to a Z(2;)-bundle ^' 
with a flat connection over T^. By construction, there is a trivialization r/j of £^'\D 
extending tq and with respect to which Aq\D is a trivial connection. We denote by tq the 
given trivialization of ^'\Tq = ^q. 

Lemma 11.3.2 The composition (to|9) o (t^^|9) is the map x Z{z) x Z{z) given 

by {9,g)^i9,C('-g) = {9,eM0C)-9)- 

Proof. The composition (ro|5) o (r^^|5) pulls back the trivial connection to (d9. The 

composition is given by left multiplication by 7: -^(-2^)) and moreover ^~^d'j = C,d6. By 

changing the trivialization r/j by a constant change of gauge, we can arrange that 7(0) = 1. 
It follows that 7(e) = exp(^C) = C''- □ 
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Now consider = T'^ x where = R/Z has coordinate u. The triviaHzation 
To X restricts to a triviahzation r of ^ x 5-*^ over X = Tq\/ C Tq x . 

There is a maximal torus T of Z{z), and hence of G, whose Lie algebra contains Of 
course, T also contains the central element z of Z{z). Let z be an element of t = Lie(r) 
such that expz = z. For u G R, define = exp{uz). For all u,6 gTI, the elements and 
lie in T and hence commute. 

Define a connection Aon ^' x over x as follows. Over D x S^, A has connection 
1-form zdu with respect to the triviahzation r/j x Id^i. Over Tq x S^, A has connection 
1-form z^'^TqAqz'^ + zdu with respect to the triviahzation tq x S^. Direct computation 
shows that the connections given on D x and on Tq x are flat. Since and 
commute for all u and 0, it follows that these two partial connections glue together to 
define a connection ^4 on ^' x 5^. Clearly, A is flat, the restriction of A to ^' x {0} is 
isomorphic to Aq, and the Z{z) holonomy of {A, r) around the three circle factors gives the 
commuting triple (x,y,expi) in Z{z). 

Let us deflne the iT-bundle £, = X'z{z) ^ ^^^^ '^^^ connection A induces a flat 
connection on ^ x 5^, which we continue to denote by A. The triviahzation r of ^' x S^\X 
induces a triviahzation of ^ x S^\X which we will also denote by r. The G- holonomy of 
{A,t) around the three coordinate circles is {x,y,z). 

Lemma 11.3.3 Fix a connection T on ^' x with the following properties: 

1. If p'-C X ^ ^' is the natural projection, then P = p*Tq for some connection Fq on 

2. The restriction o/Fq to S^q = £,'\Tq is trivial in the triviahzation tq. 

3. The restriction ofT^ to i'\D is a T-connection in the triviahzation T£,. 
Also denote by F the resulting K -connection on x S^. Then 

CSr{A) = I^{z,C). 



Proof. Let A' be the connection on ^x which is trivial over Dx in the triviahzation 
Tf) X and which is given by the one-form z~'^Aqz'^ over Tq x in the triviahzation 
Tq X S*^. As before, one sees easily that these two descriptions match over dD x S^. 

Let us compute CSa'{A). First notice that a = A — A' = zdu over both D x and 
Tq X S^. Clearly, then a A a = 0. Over D x the connection A' is trivial. Thus, on this 
patch dA'{a) = F^i = 0, and consequently the Chern-Simons integrand vanishes on this 
patch. Over Tq x we have dA'ia) = [z~'^ Aqz"^ , zdu] so that a A dA>{cL) = 0. Lastly, on 
this patch Fa' = du A \z~^ Aqz^ , z\ so that a A Fa' = 0. This shows that CS^/(^) = and 
hence by Lemma |lL2l^ CSr(^) = CSr(^')- 

Now we compute CSr(j4') First let us show that the Chern-Simons integrand for this 
invariant is zero over D x S^. Over D x S^, and with the triviahzation r^) x 5^, F is the 
pullback of a connection B on ^\D and A' is trivial. Thus a = A' — T = —B, Fb and dsia) 
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are all pulled back from forms on D. Thus, we see that over D X the Chern-S imons 
integrand vanishes identically. 

Now we compute the Chern-Simons integral over Tq x using the trivialization tqX S^. 
The connection T is trivial on this patch and the one-form a is z~'^TqAqz'^ . It follows that 
dr(a) =du^ [z-'''t*Aqz'^ , z] + z'^'T^dAoz''. Thus, 



CSr(A') 



1 



1 



1 



Tr (z-"ro*ylo^" A {du A [z^ VoMq^", z] + z-^'r^dAoz'')) 
Tr (z-"r*ylo^" A (du A [z^VoMo^", z])) 
Tr (-2(z-^roMoz") A (^-"roMoz") A zdn) 



Since z ^zz''^ = z, we can rewrite this as 

CSr(^') = -tttV / Tr (-2roMo A t^Aq A zdu) . 
Doing the n-integration and using the fact that dAo + Aq A Aq = yields 
CSr(^') = -j^l^TT{-2{r^AoAT^Ao)-z) 
^ TT{2T^dAo-z) 



-V/" Tr(2roMo-z) 



Since Tq^oIc^^o = C^^) using Lemma 11.2.7, we have 



CSr(A) = CSr(A') 



IGir'^g 



Tri2C ■ z) = [loizX)] = CSG{x,y,z). 



□ 



Proposition 11.3.4 LetQ he a connection on which is pulled hack from a connection 

on ^ via the natural projection mapping. Then 



CSe(A) = Io^(z,C). 



Proof. By Lemma 11.2.10 it suffices to show that if G and G' are connections on 
(■^ ^z(2) ^) ^ pulled back from connections on ^^(z) ^) then CSe(G') = 0. But this is 
clear - under this hypothesis the Chern-Simons integrand (which is a three-form) is pulled 
back from a form on the two-torus and hence vanishes identically. □ 
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Corollary 11.3.5 Let = T'^ x and let X C be Tq V S\ Given c e CG let 
K = G/{c). Fix a K -bundle ^ with w{^c) = c G H'^{T'^;-iti{K)) C CG. Fix a 
trivialization tq of £,c\To and let Tc be the trivialization of {^c x S^)\X obtained from tq and 
the given product structure on the last -direction. Let Sc be the corresponding enhanced 
K-bundle over {T^,X). 

1. For every c-triple x, there is a flat connection Ao(x) on x such that the G- 
holonomy of [Aq{'k),Tc) is the conjugacy class of x. 

2. For every flat connection A on ^ such that the G-holonomy of {A, Tc) is the 
conjugacy class of x, and for every connection on S,c^ S"^ which is pulled back by 
the natural projection from a connection Go on ^c, 

CSe{A) = CSg{x, y, z) mod Z. 



Proof. The above construction shows that, given a c-triple x, there is a iC-bundle ^ — > T^, 
a triviaUzation Tq of ^[To and a flat connection ^'(x) on ^ x S*^ such that the G-holonomy 
of ^'(x) measured using the trivialization r', which is the union of the trivialization Tq on 
Tq with the product trivialization around the third coordinate circle, is x. Since (x,y) is a 



c-pair, there is an isomorphism -0: ^ ^- By Lemma 11.2.5, there is a bundle isomorphism 
from X S'Ho ^ X 5^ which carries the trivialization r' to r. 

Let Ao(x) be the pullback of the connection ^'(x). Then ^o(x) is a flat connection 
on X whose G-holonomy is the conjugacy class of x, and hence the G-holonomy of 
(Hc,^o(x)) is the conjugacy class of x. 



By Proposition 11.3.4| CSe(^o(3^) 2/) ^)) = CSGix,y, z) mod Z. More generally, suppose 



that j4 is a flat connection on x such that the G-holonomy of (He, ^(x, y, z)) is the 



conjugacy class of x. Then by Lemma 11.2.4 there is an enhanced automorphism of S, 



carrying A to AQ{x,y,z). By Lemma 11.2.8 this implies that 

CSr{A)-CSr{Ao{x,y,z))eZ, 
and the result follows. □ 

Notice that the enhancement over Tq C is irrelevant ~ it is only the enhancement 
in the last S'^-direction that is important. This is the connection analogue of the fact that 
if X = (x, y, z) is a c-triple, then multiplying x and y by powers of c does not change the 
G-conjugacy class of x and hence does not change its G^c-invariant, but multiplying z 
an a power of c will change the conjugacy class of x in general, and will even change the 
connected component of Tq{c) containing the conjugacy class of x, or equivalently will 
change G5g(x). 

The case of commuting triples is worth stating separately. 

Proposition 11.3.6 Suppose that {x,y,z) is a commuting triple. Let A(x,y,z) be a flat 
connection on a principal G -bundle £, over with holonomy around the three coordinate 
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circles equal to the conjugacy class of {x,y,z). Then is a trivial bundle. Let Q 
connection on this bundle isomorphic to the trivial connection. Then 

CSe{A) ^ CSg{x, y, z) (mod Z) 



Proof. Since c = 1, the G-bundle given in the statement of Corollary 11.3.5 is trivial. 
Furthermore, an enhancement of a G-bundle is no extra information. The result is now 
immediate from this corollary and Lemma 11.2.8. □ 



Let c S CG be given and let K = G/ (c). We are now ready to define the Chern-Simons 
invariant of an isomorphism class of a pair (H, A) consisting of an enhanced ii'-bundle over 
{T^ , X) whose underlying X-bundle is isomorphic to x and a flat connection. The G- 
holonomy of such a pair is the conjugacy class of a c-triple, and thus by Corollary 11.3.5| there 
is an enhanced isomorphism from He to H. Let cr be the underlying ii'-bundle isomorphism. 
Then we define 

CS(H,^) = [CSe((TM)] (modZ), 

where is any flat connection on x S"^ pulled back from a flat connection on £^c- Note 
that, if B is such a connection, then its G-holonomy is the conjugacy class of (x, y, 1), where 
(x, y) is a c-pair, and, in particular, the G-holonomy lies in the component Xi of c-triples 
of order 1. If c = 1, then we can take G to be the trivial connection and are computing the 
usual Chern-Simons invariant. 



11.4 



Proof of Theorem |1.8.1| and Theorem p..8.2| in the case where (C) is 
cychc 



By Lemma |11.2.11 , the value of CS(H,A) only depends on the component X of ^^(c) 



containing the G-holonomy of (^,^4). Given this, the proof of Theorem 1.8.1 for c-triples 
is immediate from Corollary 11.3.5| and Theorem 11.1.1^ . The proof of Theorem 1.8.2| in 



the cyclic case follows from the dimension statement in Theorem [1.5.1 , the computation 
of the Chern-Simons invariant contained in Theorem 11.1.14| and Corollary 11.3.5| , and the 

numerology of Theorem 3.7.7, via the natural identification of Z/2gZ with — Z/Z. 

2g 



12 The case when (C) is not cychc 



In this section we assume that G = Spin{4n) for some n > 2. Then CG = Z/2Z x Z/2Z. 
Choose an identification of a maximal torus T for G with the quotient of R^" with basis 
{cj} by the even integral lattice so that the roots for G are {ztcj it ej}. A set of simple 
roots for G is then A = {ai, . . . , a2n-2, o--, where Oj = Cj — Cj+i for 1 < i < 2n — 2, 
a_ = e2n-i — e2n, and a+ = e2n-i + e2n- Label the non-trivial elements of CG as cq, ci, C2 
so that Co is represented by e2n, ci is represented by (X^i^O/^j and C2 is represented by 
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(ei + • • • + e2n-i — e.2n)/'^- In terms of the simple roots, cq = + mod Q^, ci = 
X]r=i^ \a2i-i + \a+ mod Q^, and C2 = Ya=i \a2i-i + \a- mod Q^. Thus A(co) = {a+, a_} 
and Leo ~ ^ ^--> where L± is a group of type Ai whose simple root is a±. Let A(C) be 
the subset of A consisting of all roots a G A such that voa does not annihilate CG. Thus 

A(C) = A(co) U A(ci) U A(c2) = {ai,a3, • • . , a2n-3, 0-, o+}- 

Then Lc = La(c) = nr==i^ ^ ^+ ^ ^- ^ product of n + 1 groups of type Ai, where 
a2i-i is the simple root of Lj. We also let Sc = S^(^c)- 

We have the following analogue of Corollary p. 4. 2 , whose proof is left to the reader: 



Lemma 12.0.1 Let / C A and let L = Lj. Then Lq ^ L if and only ifCcL, and L = Lq 
if and only if 

1. C C L; 

2. L is a product of simple factors Li = SU{ni) for some rii; 

3. The projection of C to Li generates CLi. 

With our choice of T and A, the action of Wcq on t is given by: 

Wco{ti,t2, ■ ■ ■ , t2n-l,t2n) = ( — ^1, *2, • • • , *2ra-l, —t2n), 

SO that t'^'^o = {[ti,t2, ■ ■ ■ , t2n-i,t2n) £ t : ti = t2n = 0}. Of course, P^o is conjugate to 
tco = Ker(a+) n Ker(a_) = {{ti,t2, ■ ■ • ,t2n-i,t2n) G t : t2n-i = t2n = 0}. 

Note that cq G S^'^o but that ci,C2 ^ S'"''o . 

We shall consider triples {x,y,z) in G with [x,y] = co, [x,z] = ci, and [y,z] = C2, and 
let G be the corresponding antisymmetric matrix. 

12.1 Rank zero C-triples 

Lemma 12.1.1 There is a rank zero G -triple in G if and only if G = Spin{8). For 
G = Spin{8) there are exactly two conjugacy classes of rank zero G -triples. If{x,y,z) is 
a rank zero G-triple in Spin{8), then {x,y,z~^) is a rank zero G -triple not conjugate to 
{x,y,z). 



Proof. Suppose that (x, y, z) is a rank zero C-triple in G. After conjugation, we may 
assume that (a:,y) is a co-pair in normal form. Thus S'"''^o is a maximal torus of Z^{x,y). 
The element z commutes with x and y up to an element of the center. Since the fixed 

on Z{x, y) has rank zero 



subgroup of conjugation by 
Z^{x,y) is a torus and hence Z^{x,y) = S'" 

action of Wcq on the coroot diagram of G are 2. Hence by Proposition 8.7.5 



it follows from Q II §2 that 
By inspection, all of the integers Qa, for the 

Z{x,y) =T'"-o. 
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The triple {x,y,z^) is a CQ-triple in G. By Proposition 9.2.8 , S'^'^o is a maximal torus of 
This implies that acts trivially on S"^'=o. Since z acts on this torus without 
fixed points, it follows that z acts by —1 on t"'''o, and hence zsz~^ = for all s E S'"'''o. 

By Proposition 3.4.4| , the torus S'"''=o is conjugate to S'cq. It will be convenient to 
conjugate x,y,z so that Z^{x,y) = Sc^- Of course, in this case zsz"^ = s^^ for all s G 
ScQ- Write x = s ■ xq and y = s' ■ yo for elements s,s' G and xo,yo G ^co- Since 
CiSXo = ^{sxq) = {s~^yxo, it follows that = Ci(^XoXq ^) = Ci ■ u for some w G S'cq n Leo- 
This implies that is the exponential of an element of the form ^, . . . , ^, 0, 0) mod Z". 
The same computation for y shows that (s')^ is also the exponential of such an element. 
Thus, both s and s' are the images under the exponential mapping of elements of the 
form (ibi,ibi, . . . ,±1,0,0) mod Z"'. It follows easily that, for 4n > 8, there is a root of 
Spin{4n) annihilating Leg and annihilating s and s'. This root then annnihilates both x 
and y, contradicting the fact that Z^{x,y) is a torus. Hence G = Spin{8). 

Now let us describe all conjugacy classes of rank zero C-triples in Spin{8). Let (x, y, z) 
be a rank zero C-triple in Spin{8). As above, we arrange that {x,y) = (siXo,S2yo) with 
Si G and (xo,yo) £ Lc^- Then Z'^{x,y) = Scq- According to Corollary 4.2.2| , the 
conjugacy class of {x,y) depends only on the the pair (si,S2) £ Scq = Scq/Scq H Leg. It is 
easy to see that Scq is the quotient of x {0} x {0} by Z^. The image in the Weyl group 
of of elements in Ng{Scq) which act trivially on Lc^ is Z/2Z x Z/2Z, where one of the 
factors acts by — 1 on and the other acts by switching the coordinates. The argument 
above shows that Si is the exponential of an element of the form (±^,±^,0,0) mod Z^. 
Let Si be a lift of Si to . 

The element z normalizes Scq and acts by —1 on tcQ-Thus z sends Scq-x to Scq-cix. Since 

■ X contains a regular element of T, the element z normalizes T and hence normalizes 
the unique maximal torus of Leg containing xq- Since xq is the exponential of |(a+ + a-_) = 
(0,0, i,0), it follows that zxqz ^ is the exponential of one of ib^a+ + ib^a_ and hence 
of one of (0, 0,±i,0) or (0,0, 0,±i). The fact that zxz~^ = xci implies that zxoz~^ is 
the exponential of (0, 0,0,ib^). By conjugation by an element commuting with x we can 
arrange that zxqz^^ is the exponential of (0,0,0, — ^). A computation shows that si must 
be cong ruent to ±(i,i,0,0) mod Z^. After conjugating by an element of the normalizer 
of Scq, we may assume that si is congruent to (|, |, 0, 0) mod Z^. Since there is no root of 
Spin{8) annihilating both si and S2, this means that S2 is either 0, 0) or {—\, j, 0, 0) 

mod Z^. After conjugation by an element of the normalizer of Scq which interchanges the 
two coordinates, and hence fixes si, we may assume that §2 is congruent to (5,-5,0,0) 
mod Z^. This proves that, given a rank zero C-triple {x,y,z) in Spin{8), the co-pair (x,y) 
is determined up to conjugation in Spin{8). The representatives that we have chosen are: 
X = exp(i, 5,^,0) and y = exp(i, — i, 0, 0) • w where w is an element of Leg normalizing 
the unique maximal torus of Leg containing xq = exp(0, 0, ^, 0), and the image of w in the 
Weyl group of Leg is the product of the non-trivial elements in each factor of Leg. 

Next we show that there is z G G such that (x, y, z) is a rank zero C-triple. Write 
3^0 = Xq^o ^ a product, where x^ G L±. Similarly write yo = yoVo ■ L^t z = e ■ x^y^ 
where e G Nspin(^g^{Sco) commutes with Leo represents the Weyl element which is 
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multiplication by —1 on icg. Direct computation shows that (x, y, z) is a rank zero C-triple. 

Suppose that (x,y,z) is a rank zero C-triple in Spin{8). Any other rank zero C-triple 
is conjugate to {x,y,z'), where z' = zg for some g G Z{x,y). Since 7ro{Z{x,y)) is cyclic 
of order two and since iz = —Id on Z^(x,y), there are exactly two conjugacy classes of 
rank zero C-triples in Spin{8), one of which is represented by {x,y,z) and the other by 
(x, y, zt), where t G Z{x, y) but t ^ Z^{x, y). Direct computation shows that z is of order 4 
and that z"^ is in the non-trivial component of Z^{x,y). Thus, {x,y,z^^) represent the two 
conjugacy classes of rank zero C-triples. □ 



12.2 Action of the center and of the outer automorphism group 

The following lemma is easy and its proof is left to the reader. 

Lemma 12.2.1 An automorphism of Spin{8) which acts trivially on CSpin{8) is an inner 
automorphism and hence acts trivially on the space of of conjugacy classes of rank zero 
C-triples in Spin{8). 

Let us consider the action of {CSpin[8))'^ on the space of rank zero C-triples. 

Lemma 12.2.2 The action of CSpin{8) on the moduli space of conjugacy classes of rank 
zero C-triples in Spin{8) defined by fi ■ {x,y,z) = {x,y,iJ, ■ z) is transitive. The isotropy 
subgroup of this action is (cq). Likewise, the action defined by fi ■ {x,y,z) = (/i • x,y,z) is 
transitive, and its isotropy is (02), and the action defined by jj, ■ (x,y,z) = {x,^- y,z) is 
transitive, with isotropy (ci). 

Proof. This is immediate from the explicit description given above. □ 



12.3 The general case 

Following the general pattern, we begin by determining the possibilities for the maximal 



torus of Z(x,y,z). Recall from Theorem 2.3.1 that, for every CG-triple {x,y,z) = x, there 



is a subset /(x) C A such that Sj is conjugate in G to a maximal torus of Z{x, y, z). 

Lemma 12.3.1 Let I' = A(C) U {a2n-2}- If {x,y,z) = x is a CG triple, then either 
/(x) = A(C) or/(x) =/'. 



Proof. Let L = L/(x)- Then by Lemma [12.0. 1| , since CC C L, A(C) C /(x). We may write 



L = LqX Y\i=i Li, where each Li is of type An and Lq is either trivial or of type D2k for some 
k > 2. For < i < r, let vTj denote projection to the i^^ factor. The projection of x to Lj is 
a rank zero 7rj(C) -triple. Thus, if i > 1, then Li is of type Ai. If Lq is not trivial, then vro(C) 
is the full center of Lq. By Lemma 12.1.1| , k = 2. Since A(C) = {ai, 03, . . . , a2n_i, a_, a+}, 



it is clear that the only possibilities for /(x) which satisfy the above conditions are either 
/(x) = Lc or I(x) = L'. □ 
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The tori Sc and Sj' corresponding to the sets A(C) and /' have the following Lie algebras: 

n-1 

tc = Pi Ker(a2i_i) n Ker(a+) n Ker(a_) = {(ti, ti, ts, is, . . . , t2n.-3, ^2^-3, 0, 0)}; 

i=l 
n-1 

tp = Pi Ker(a2i-i) n Ker(a+) n Ker(a_) n Ker(a2„-2) 

i=l 

= {(^1) ^3) • • • ) *2n-5) *2n-5) 0) 0, 0, 0)}. 

In the quotient diagram D'^ {G)/CG, one of the quotient coroot integers fife is 2 and all 
the others are 4. Thus, in terms of the quotient diagram and the quotient coroot integers, 
we have: 

^wc ^ {{0,S2, . . . ,Sn-l,Sn,-Sn,-Sn-l, ■ ■ ■ ,-S2,0)}; (14) 

r^(g,4) = {(0,S2,...,s„_i,0,0,-s„_i,...,-S2,0)}. (15) 
From this, it is easy to establish the following: 

Lemma 12.3.2 The torus Sc is conjugate to S"""^ = S""c^(g, 1) = S'"'c'(g, 2). The torus Sr 
is conjugate to S""*^ (g, 4) . 

Having described the possible maximal tori, we need to determine how many compo- 
nents of the moduli space correspond to a given maximal torus. We begin with the following 
elementary computation. 

Lemma 12.3.3 Let 7 be the non-trivial central element in SU (2). Consider triples {p, q, r) 
in SU{2) with [p,q] = 1 and [p,r] = [q,r] = 7. Then, up to conjugation, there are exactly 
two such triples. We have p^ = = r"^ = 7. The element pq"^ lies in CSU{2) and is 
a complete invariant of the conjugacy class of {p,q,r). The action of {CSU{2))^ on the 
conjugacy classes of such triples given by (a, b, c) • {p, q, r) = {ap, bq, cr) is transitive and the 
stabilizer of any conjugacy class is {{a,b,c) : a = b}. 



Proof. The pair {p, r) is a 7-pair in SU{2). Also, pq-^ e Z{p, r) and hence lies in CSU{2). 
The result follows from Proposition [4.1.1] and Corollary 4.1.2| . □ 

Suppose that x is a C-triple in Lq = Lc = YVi=i ^ ^+ ^ "^^^ triple x is a product 
of triples Hi ^« • x+ ■ x_ in the factors. We write Xj = {xi,yi,Zi) and x± = {x±,y±, z±). 
Let ei'.CLi {il}, e±:CL± {il} be the unique isomorphisms. Then define e(x) = 
117=1 (^iixiy~^)e+ix+z-^)e^{y^zZ'^). 

Lemma 12.3.4 There are exactly two components ofTc{C) with maximal torus conjugate 
to Sc- Two C -triples x and x' in Lc lie in the same component of Tg{C) if and only if 
e(x) = 6(xO. 
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Proof. By Theorem p. 3.1 , the number of components of Tq[C) with maximal torus 



conjugate to Sq is given by the number of conjugacy classes of rank zero C-triples in Lq 
modulo the action of and of W{Sc, G), where Fc = Sc n LqI C CLc = (Z/2Z)'^+^ Let 
us first consider the action of F^. It is easy to see that 

Fc = {(mi, • • . ,/in~i,/^+,At-) : W • • -/^n-i = = /^-}- (16) 

Straightforward computation shows that the action of F^ on the space of conjugacy classes 
of rank zero C-triples in Lq preserves the invariant e and acts transitively on the set of 
conjugacy classes with a given e. 

The image of W{Sc, G) in the outer automorphism group of Lc = YliLi x x L_ is 
easily checked to be the subgroup of all permutations of the Lj factors. Thus the action of 
W{Sc, G) fixes e. This completes the proof of the lemma. □ 



Lemma 12.3.5 Under the action of Fq on the space of conjugacy classes of rank zero C- 
triples in Lc the stabilizer of any class is the set of (/i = {ni, . . . , /^„,_i, fi^, G F^ such 
that 

= l<J<n-l, = = (17) 

where fij = {^^p , /i^-^^ , fi^p ) and similarly for . 



Proof. This is immediate from Lemma 12.3.3| . □ 



Corollary 12.3.6 There are two components of Tg{C) associated with the torus Sq, and 
each is homeomorphic to 

{{Sex Sex Sc)/F)/W{Sc,G), 



where F C {CLc) is the set of fj, satisfying Equations 16 and 17. 



Now let us consider the case when 1 = 1'. Recall that L// = nitTo^-^j' where Li is of 
type Ai for i > and Lq = Spin{8). If x is a rank zero C-triple in L//, then we write 
X = nr=o^-^«- "^^^ group Li has two rank zero 7rj(C)-triples, up to conjugation, where 
TTj is the projection from L to Lj. It follows that Lj' has 2^~^ rank zero C-triples up 
to conjugation. If Xj and x^ are two rank zero 7rj(C)-triples in Li, define 5i{xi,x'-) = 1 
if X, is conjugate in Li to x^ and —1 otherwise. If i > 0, then it is easy to see that 



6i{xi,x'j) = ei{xiy- ^)€i{x^{y'^) ^), in the notation introduced prior to Lemma 12.3.4 . Define 

n-2 

6{x,x') = l[5,{x,,x',). 
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Lemma 12.3.7 Two rank zero C -triples x and x' in Lji lie in the same component of 
Tg{C) if and only if 5{x,x') = 1. Hence there are exactly two components of Tg{C) with 
maximal torus conjugate to Sj'. 



Proof. By Theorem 2.3.1 , the number of components of Tg{C) with maximal torus 
conjugate to Sji is given by the number of conjugacy classes of rank zero C-triples in Lji 
modulo the action of F|, and oiW{Sr, G), where F// = SpDLp C CL// ^ (Z/2Z)"-2 xCLq. 
Let us first consider the action of Ff,. Let v. {±1} CLq be the emdedding which sends 
— 1 to 7ro(co). Then it is easy to check that 



ifJ'O, ■ ■ ■ , fJ-n-2) ■ fJ'O 



(18) 



1=0 



Note that, by Lemma 12.2.2, if /x is an element of Ff, and x is a rank zero C-triple in 
Ljr, then 5(x, /x • x) = 1. Conversely, it is clear that, if J(x, x') = 1, then x and x' are 
in the same Fj,-orhit. Finally, the image of W{Sji,G) in the outer automorphism group 
of Lj' is the permutation group of the factors Lj for i > 1. Hence 5{x,w • x) = 1 for all 
w G W{Sj',G). The lemma follows. □ 



Lemma 12.3.8 Under the action of Ff, on the space of conjugacy classes of rank zero 
C-triples in Lj/ the stabilizer of any class is the set of fx = (/ig, . . . G Ff, such that 



where fij = {fif\fif\iJ,f^). 



l^f =lJif\l<j<n-2, 



(19) 



Proof. This is immediate from Lemma 12.3.3| and Lemma 12.2.2 



□ 



Corollary 12.3.9 There are two components of Tg{C) associated with the torus Sjr, and 
each is homeomorphic to 

{{Si,xSrxSr)/F') /W{Sr,G), 



where F' C {CLpY is the subgroup of elements satisfying Equations 18 and H. 



To each component X of Tg{C), we assign a positive integer which we shall call the 
order of X, in the following way. Suppose that X is a component containing the conjugacy 
class of X, where x is a rank zero C-triple in Lc- Then the order of X is 1 if e(x) = 1 and 
the order of X is 2 otherwise. Each of the remaining components is associated to Sj/, and 
we define each of them to have order 4. Thus, for every positive integer k dividing 4, the 
number of components of Tq{C) is V'(^)- 
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Parts 1,2,3,4 of Theorem |1-5.1| , in the case where (C) is not cydic, are now contained 
in the statements of Lemma |12.3.1| , Corollaries 12.3.6| and [L2.3.9| , and the definition of the 
order. 

Lastly we prove Part 5 of Theorem |1.5.1| in the non-cyclic case. The explicit coordinates 
on the Lie algebras V"'^ and V"'^ (g, 4) given in Equations 14 and 15 identify these vector 
spaces with R"~^ and R"~^, respectively. Via these identifications, the projections of Q'^ 
are the full integral lattices. In each case, the Weyl group is the full isometry group of 
the lattice. The images under projection of the extended simple coroots of G are a set 
of extended simple coroots for a root system of type i?C„_i, resp. BCn~2- Part 5 of 



Theorem 1.5.1 is then clear 



12.4 C hern- Simons invariants 

Let G = Spin{An) and let G = G/CG. Fix a G-bundle ^ over the three-torus whose second 
Stiefel- Whitney class w{^) evaluates over the three coordinate two-tori ri2,ri3,T23 to give 
co>ci,C2 G 7ri(G) = CG and let H be an enhanced G-bundle whose underlying bundle is ^. 
If X = (x, 2/, z) is a C-triple, then, by Corollary 11.2.6, there is a flat connection on H whose 
G-holonomy around the coordinate circles is the conjugacy class of {x,y,z). Let Li be a 
flat connection on H whose G-holonomy is the conjugacy class of a C-triple x = (x, y, z) in 
Lc with e(x) = 1, i.e. a C-triple whose conjugacy class lies in the component Xi of Tg{C) 
of order one. Write x = Y\- Xj • x+ • x_, where Xj = {xi,yi, Zi) lies in Lj, and similarly for 
X-I-. Given a flat connection A on H, CSri(j4) is independent mod Z of the choice of Fi, by 
Lemma 11.2.5 and Corollary 11.2.11. We will denote its class in R/Z by CS(^). 



Lemma 12.4.1 Let T he a flat connection on H. // the G-holonomy ofV is contained in 
Xi, then CS(F) = mod Z. If the G-holonomy ofT is contained in the component of order 
2, then CS(F) = 1/2 mod Z. 



Proof. Since CS is constant on components of Tg{G), the first statement is clear. To 
prove the second it suffices to compute CS(F) for one flat connection F whose C-holonomy 
is of order 2. By Lemma 12.3.4 , a C-triple x' of order 2 is given by replacing xi in x by 
7iXi where 71 is the non-trivial element in CLi. Since the inclusion of each of the Ai- 
factors of Lq into C induces an isomorphism on vrs, to compute the Chern-Simons invariant 
CS(F), it suffices to compute the relative Chern-Simons of the -connections obtained 
taking the images of Fi and F under projection the first Ai-factor of Lc- Lemma p.l.l.7| 
and Corollary 11.3.5| applied to SU{2) show that this relative Chern-Simons invariant is 
1/2 mod Z. This shows that CS(F) = 1/2 mod Z. □ 



Lemma 12.4.2 Let T be a flat connection on H whose G-holonomy has order 4. Then 
CS(F) = ±1/4 modulo Z. IfV represents a point in the other component ofTc^G) of order 
4, then CS{T') = -CS(F). 
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Proof. Let u = {u,v,w) £ Lji be a rank zero C-triple. Write u = nr=o^^*' where 
Ui = {ui,Vi,Wi) is a rank zero 7rj(C)-triple in Lj. Let L be a flat connection on H whose 
G-holonomy is the conjugacy class of u. The C-triple u' obtained by replacing Uj by 
= {ui,Vi,w~^) is also of rank zero. Clearly, for i > 0, 5j(uj,u-) = 1. By Lemma 12.1.1, 
5o(uo,Uq) = —1, and hence, by Lemma 12.3.7 , the conjugacy classes of u' and u lie in 



different components of order 4 of TciC). On the other hand, given the C-triple x defined 
above, let x' = Hi ' ^+ ' where x. = (xj, y^, z~^)^ and similarly for x'_j_. Clearly 

= e+(7+)e_(7_)e(x') = e(x'). 



(Here 7± are the nontrivial elements of CL±.) Thus by Lemma 12.3.4 , x and x' represent 
points in the component Xi. 

Let r be the diffeomorphism of the three-torus which is the identity on the first two 
factors and is inversion on the third. Note that r{X) = X so that r*H is an enhanced 
bundle over (r^,X). Then x' is the G-holonomy of r*Ti on r*H, and hence by the above 
computations r*Ti represents a point in Xi. Likewise r*(r) represents a point in a different 
component from T. Since r is an orientation-reversing diffeomorphism, we have 

CS(r) = CSri(r) = -CS^.ri(r*(r)) = -CS(r*(r)) mod Z. 

Thus, CS takes opposite values modulo Z on the two components of order 4 of Tg{C). 

With u as above, let u be the triple {u,v,nP'). Then u is a co-triple. Likewise, let x be 
the Co-triple {x,y,z'^). 

Claim 12.4.3 The co-triple u is in the non-trivial component of the modulo space of cq- 
triples in G. The CQ-triple x is in the trivial component of the modulo space of CQ-triples in 
G. 



Proof. It follows from the proof of Lemma 12.1.1 that the square of in Lq is 7. 



which is in the non-trivial component of T^^'^ . Direct computation shows that S^^o n Lq 
is connected, and hence is equal to (T^J"")''. Thus uP' lies in the non-trivial component of 
r"'=o. Since 7ro(T"'=o) = 'i:q{Z{u,v)), by Proposition S.7.5, the co-triple u represents a point 



in the non-trivial component of the moduli space of CQ-triples in G. 
By Lemma 12.3.3, 
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■ 7ri-i • 7+ • 7-. Since the 7^, 1 < i < n — 1 lie in S'^'^o ^ it 
follows that z"^ is congruent modulo S'^'^o to 7+ -7- = cq which lies in S"^'=o . Hence z^ S S'^'^o , 
and so the co-triple x lies in the trivial component of the moduli space of co-triples in G. □ 



Let t be the map on the three-torus which double covers the last coordinate. Note 
that t induces a map from the pair (r3,X) to itself. Thus is an enhanced G-bundle. 
The CQ-triple x is the G-holonomy of t*Ti while u is the G-holonomy of t*T. Since the 
Chern-Simons invariant is given by integrating a local expression involving connections and 
curvature, 

CSt.(ri)(tT) = 2CSri(r) = 2CS(r) mod Z. 
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Since the conjugacy classes of u and x lie in opposite components of the moduli space of 
Co-triples, by Theorem 1.8.1 applied to the case of co-triples, 



CSt,(ri)(t*r) = 1/2 modZ. 

It follows that 

CS(r) = ±1/4 mod Z. 

From the fact that the value of this invariant on one component of order 4 is the negative 
of its value on the other such component, it now follows that on one of these components 
the value is 1/4 modulo Z and on the other it is —1/4 modulo Z. □ 



Corollary 12.4.4 For every positive integer k dividing 4, the function CS defines a bijec- 
tion between the components of order k ofTdC) and the points of order k in R/Z. 



12.5 Proof of Theorem [1.8. 1| and Theorem |1.8.2| when (C) is not cychc 

Theorem 1.8.1 in the case where (C) is not cyclic is contained in Corollary 12.4.4| . The 



number of components of Tq{C) and their dimensions are given by Lemma 12.3.1 and Corol- 
laries 12.3.6 and 12.3.9| . These together with Corollary 12.4.4 now give all the necessary 



computations in order to apply Theorem 3.7.7 to establish Witten's clockwise symmetry, 



Theorem |l.8.2| , in the case when (C) is non-cyclic. 
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Diagrams and tables 

Extended coroot diagrams and extended coroot integers 

In the diagrams, o represents the extended coroot. 



1 oC j:* 1 



1 1 



o • • • • 




• • • • • 



1 1 

= Aji, n > 2 
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2 



3 2 
• • 

2 • 

1 o 

El = Ee 

3 4 
• • 

2 • 

E^ = E7 

135 



12345 642 
o • • • • • • • 



3 • 

^8 — -^8 



2 3 
• =>= • 



1 

■ o 



1 2 2 2 2 2 
• =>= • • • • • • • =>= o 

BCI, n > 2 
136 



Quotient extended coroot diagrams and quotient coroot integers 

In the diagrams below, c denotes an element of the center and o(c) is its order. Except in 

the case of An, c will always denote a generator of the center, cso is the non-trivial element 
in TTi (50(271)) C CSpin{2n) and Cexotic is any other non-trivial element in CSpin{4:n). 



o{c) 



A^^/c when o(c) = n + 1 



o(c) • ^ ^ • o(c) 

A^/c when o(c) = {n + l)/2 



o(c) 



o(c) 



o(c) 



• o(c) 



o(c) o(c) 

when o(c) < (n + l)/2 



2 2 
• =<= • 



2 1 
• =<= • 



137 



1 2 



• = ■>= o 



1 2 2 2 2 2 
• =>= • • • • • • • =>= • 



2 • C ^ * 2 



2 2 2 2 2 2 
• =<= • • • • • • • =>= • 

C^n+i/c, n > 2 



=<= • • • • =>= 



138 



2 2 2 
• =<= • =>= • 

-^4 /^exotic 



4 4 2 

• • =<= • 



^2n/ '^exotic: n ^ 3 



4 4 4 4 4 
<= • • • • =>= • 



2 4 
• = ■>= • 

D4/CD4 
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2 4 4 4 4 4 
• =>= • • • • • • • =>= • 

b'iJCB^n. n > 3 



3 6 3 
• =>= • • 



2 4 6 4 2 
• • =>= • • • 



Root systems on f""^ 



G 


C 


Lc 




$res 






9a 


Bn 


CBn 


Ai (short root) 


Cn-1 


Bn-1 


BCn-1 


BCn-l 


1,2,. ..,2 


C2n+1 


CC2n+l 




Cn 


BCn 


BCn 


Cn 


2,2,... ,2 


C2n 


CC2n 


nr=i 


Cn 


Cn 


BCn 


BCn 


1,2,... ,2 


Dn 


^i{S0{2r,)) 


Ai X Ai 


Cn-2 


Bn-2 


Cn-2 


Cn-2 


2,2, ...,2 


Don 


(^C'XOlit*) 


YTLi Ai 


D„ 


Cn 


B„ 


Bn 


2.4, ... .4,2.2 


D2n+l 


CD2n+l 


n^iAixAs 


Cn-l 


BCn-l 


BCn-l 


Cn—1 


4,4,... ,4 


D2n 


CD2n 


mi Ai 


Cn-1 


BCn-l 


BCn-1 


BCn-l 


2,4,... ,4 


Eq 


CEq 


A2 X A2 


G2 


C2 


G2 


G2 


3,6,3 


Ej 


CEj 


^1 X Ai X Ai 


F4 


Fa 


F4 


Fa 


2,4,6,4,2 
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Root systems on t{k) for k > 1 



G 


k 


L 




ga divisible by k 




2 


^ 


^ Tl — 


2,2, 2 


D„ 


2 


Da 


^ — i 


2,2, ... ,2 




2 


Da 




2,2,2 




3 


Ea 


trivial 


3 


Er 


2 


Z)4 


^3 


2,4,2,2 


El 


3 


Eq 


Ai 


3,3 


E7 


4 


Ej 


trivial 


4 


Eg 


2 


Di 


Fi 


2,4,6,4,2 


Eg 


3 


Eq 


G2 


3,6,3 


Es 


4 


El 


Ai 


4,4 


Es 


5 


Es 


trivial 


5 


Eh 


6 


Es 


trivial 


6 


Fi 


2 


By, 


-4i 


2.2 


Fa 


3 


F4 


trivial 


3 


G2 


2 


G2 


trivial 


2 



Root systems on V""^^ (g, k) for (C) 7^ 1 and /c /no 





(C) 


k 


L 


$(P^'(g,fc)) 


ga divisible by k 




CBn 


2 


C2 


Cn-2 


2,2,... ,2 


C2n 


CC2n 


2 


nr=/ Ai X C2 


Cn-1 


2,2,... ,2 


-D2n, n > 3 


(Cexotic) 


4 




Cn-3 


4,4,... ,4 


D2n 


CD2n 


4 




C„_2 


4,4. ..,4 


Eq 


CEe 


2 


£"6 


trivial 


6 


Eq 


CEq 


6 


Eq 


trivial 


6 


E7 


CE7 


4 


De 


Ai 


4,4 


E7 


CE7 


3 


E7 


trivial 


6 


E7 


CE7 


6 


E7 


trivial 


6 
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